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Introduction 



Filtering is the science of finding the law of a process given a partial observa- 
tion of it. The main objects we study here are diffusion processes. These are nat- 
urally associated with second order linear differential operators which are semi- 
elliptic and so introduce a possibly degenerate Riemannian structure on the state 
space. In fact much of what we discuss is simply about two such operators inter- 
twined by a smooth map, the "projection from the state space to the observations 
space", and does not involve any stochastic analysis. 

From the point of view of stochastic processes our purpose is to present and 
to study the underlying geometric structure which allows us to perform the filter- 
ing in a Markovian framework with the resulting conditional law being that of a 
Markov process. This geometry is determined by the symbol of the operator on 
the state space which projects to a symbol on the observation space. The pro- 
jectible symbol induces a (possibly non-linear and partially defined) connection 
which lifts the observation process to the state space and gives a decomposition 
of the operator on the state space and of the noise. As is standard we can recover 
the classical filtering theory in which the observations are not usually Markovian 
by application of the Girsanov-Maruyama-Cameron -Martin Theorem. 

This structure we have is examined in relation to a number of geometrical top- 
ics. In one direction this leads to a generalisation of Hermann's theorem on the 
fibre bundle structure of certain Riemannian submersions. In another it gives a 
novel description of generalised Weitzenbock curvature. It also applies to infinite 
dimensional state spaces such as arise naturally for stochastic flows of diffeo- 
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morphisms defined by stochastic differential equations, and for certain stochastic 
partial differential equations. 

Let M be a smooth manifold. Consider a smooth second order semi-elliptic 
differential operator C such that CI = 0. In a local chart, such an operator takes 
the following form 



where the a' lj, s and 6*'s are smooth functions and the matrix (a tj ) is positive semi- 
definite. 

Such differential operators are called diffusion operators. An elliptic diffusion 
operator induces a Riemannian metric on M. In the degenerate case we shall have 
to assume that the "symbol" of C (essentially the matrix [a lj ] in the representation 
(1)) has constant rank and so determines a sub-bundle E of the tangent bundle 
TM together with a Riemannian metric on E. In Elworthy-LeJan-Li [26] and 
[27] it was shown that a diffusion operator in Hormander form, satisfying this 
condition, induces a linear connection on E which is adapted to the Riemannian 
metric induced on E, but not necessarily torsion free. It was also shown that 
all metric connections on E can be constructed by some choice of Hormander 
form for a given C in this way. The use of such connections has turned out to be 
instrumental in the decomposition of noise and calculation of covariant derivatives 
of the derivative flows. 

A related construction of connections can extend to principal fibre bundles 
P, indeed to more general situations, such as foliated manifolds and stratified 
manifolds. An equivariant differential operator on P induces naturally a diffu- 
sion operator on the base manifold. Conversely given a connection on P one can 
lift horizontally a diffusion operator on the base manifold of the form of sum of 
squares of vector fields by simply lifting up the vector fields. It still need to be 
shown that the lift is independent of choices of its Hormander form. Consider 
now a diffusion operator not given in Hormander form. Since it has no zero order 
term we can associate with it an operator 5 which send differential one forms to 
functions. In Proposition 1.2.1 a class of such operators are described, each of 
which determines a diffusion operator. Horizontal lifts of diffusion operators can 
then be defined in terms of the 5 operator. This construction extends to situations 
where there is no equivariance and we have only partially defined and non-linear 
connections. 




(1) 
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The connections discussed here arise in much more general situations, includ- 
ing for foliations though these are not discussed in this volume, We show that 
given a smooth p : N M: a diffusion operator B on N which lies over a 
diffusion operator A on M satisfying a "cohesiveness" property gives rise to a 
semi-connection, a partially defined, non-linear, connection which can be charac- 
terised by the property that, with respect to it, B can be written as the direct sum of 
the horizontal lift of its induced operator and a vertical diffusion operator. Of par- 
ticular importance are examples where p : N — > M is a principal bundle. In that 
case the vertical component of B induces differential operators on spaces of sec- 
tions of associated vector bundles: we observe that these are zero-order operators, 
and can have geometric significance. 

This geometric significance and the relationship between these partially de- 
fined connections and the metric connections determined by the Hormander form 
as in [26] and [27] is seen when taking B to be the generator of the diffusion 
given on the frame bundle GLM of M by the action of the derivative flow of a 
stochastic differential equation on M. The semi- connection determined by B is 
then equivariant and is the adjoint of the metric connection induced by the SDE in 
a sense extending that of Driver [17] and described in [27]. The zero-order oper- 
ators induced on differential forms as mentioned above turn out to be generalised 
Weitzenbock curvature operators,in the sense of [27], reducing to the classical 
ones when M is Riemannian for particular choices of stochastic differential equa- 
tions for Brownian motion on M. Our filtering then reproduces the conditioning 
results for derivatives of stochastic flows in [29]and [27]. 

Our approach is also applied to the case where M is compact and N is its 
diffeomorphism group, Diff(M) , with P evaluation at a chosen point of M. The 
operator B is taken to be the generator of the diffusion process on Diff(M) arising 
from a stochastic flow. However our constructions can be made in terms of the 
reproducing Hilbert space of vector fields on M defined by the flow. From this we 
see that stochastic flows are essentially determined by a class of semi-connections 
on the bundle p : Diff(M) — > M and smooth stochastic flows whose one point 
motions have a cohesive generator determine semi- connections on all natural 
bundles over M. Apart from these geometrical aspects of stochastic flows we 
also obtain a skew product decomposition which, for example, can be used to find 
conditional expectations of functionals of such flows given knowledge of the one 
point motion from our chosen point in M. 

A feature of our approach is that in general we use canonical processes as so- 
lutions of martingale problems to describe our processes, rather than stochastic 
differential equations and semi-martingale calculus, unless we are explicitly deal- 
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ing with the latter. This leads to some some new constructions, for example of 
integrals along the paths of our diffusions in Section 4.1, which are valid more 
generally than in the very regular cases we discuss here. 

In more detail: In Chapter One we describe various representations of diffu- 
sion operators and when they are available. We also define the notion of such 
an operator being along a distribution. In Chapter Two we introduce the notion 
of semi-connection which is fundamental for what follows, show how these are 
induced by certain intertwined pairs of diffusion operators and how they relate 
to a canonical decomposition of such operators. We also have a first look at the 
topological consequences on p : N — > M of having B on N over some A on M 
which posses hypo-ellipticity type properties. This is a minor extension of part of 
Hermann's theorem, [37], for Riemannian submersions. In Chapter Three we spe- 
cialise to the case of principal bundles, introduce the example of derivative flow, 
and show how the generalised Wietzenbock curvatures arise. 

It is not really until Chapter Four that stochastic analysis plays a major role. 
Here we describe methods of conditioning functionals of the £>-process given in- 
formation about its projection onto M. We also use our decomposition of B and 
resulting decomposition of the ^-process to describe the conditional £>-process. 
In the equivariant case of principal bundles the decomposition of the process can 
be considered as a skew product decomposition. In Chapter 5 we show how our 
constructions can apply to classical filtering problems, where the projection of the 
£>-process is non-Markovian. We can follow the classical approach and obtain, in 
Theorem 5.9, a version of Kushner's formula for non-linear filtering in somewhat 
greater generality than is standard. This requires some discussion of analogues of 
innovations processes in our setting. 

We return to more geometrical analysis in Chapter Six, giving further exten- 
sions of Hermann's theorem and analysing the consequences of the horizontal lift 
of A commuting with B, thereby extending the discussion in [7]. In particular we 
see that such commutativity, plus hypo-ellipticity conditions on A, gives a bundle 
structure and a diffusion operator on the fibre which is preserved by the triviali- 
sations of the bundle structure. This leads to an extension of the "skew-product" 
decomposition given in [24] for Brownian motions on the total space of Rieman- 
nian submersions with totally geodesic fibres. In fact the well known theory for 
Riemann submersions, and the special case arising from Riemannian symmetric 
spaces is presented in Chapter Seven. 

Chapter Eight is where we describe the theory for the diffeomorphism bundle 
p : Diff(M) — > M with a stochastic flow of diffeomorphism on M. Initially this 
is done independently of stochastic analysis and in terms of reproducing kernel 
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Hilbert spaces of vector fields on M. The correspondence between such Hilbert 
spaces and stochastic flows is then used to get results for flows and in particular 
skew-product decompositions of them. 

In the Appendices we present the Girsanov Theorem in a way which does not 
rely on having to use conditions such as Novikov's criteria for it to remain valid. 
This has been known for a long time, but does not appear to be as well known 
as it deserves. We also look at conditions for degenerate, but smooth, diffusion 
operators to have smooth Hormander forms, and so to have stochastic differential 
equation representations for their associated processes. Finally we discuss semi- 
martingales and r-martingales along a sub-bundle of the tangent bundle with a 
connection. 

For Brownian motions on the total spaces of Riemannian submersions much 
of our basic discussion, as in the first two and a half Chapters, of skew-product 
decompositions is very close to that in [24] which was taken further by Liao in 
[48]. A major difference from Liao's work is that for degenerate diffusions we 
use the semi-connection determined by our operators rather than an arbitrary one, 
so obtaining canonical decompositions. The same holds for the very recent work 
of Lazaro-Cami & Ortega, [44] where they are motivated by the reduction and 
reconstruction of Hamiltonian systems and consider similar decompositions for 
semi-martingales. An extension of [24] in a different direction, to shed light on 
the Fadeev-Popov procedure for gauge theories in theoretical physics was given 
by Arnaudon &Paycha in [1]. Much of the equivariant theory presented here was 
announced with some sketched proofs in [25]. 

Key Words 

semi-elliptic, second order differential operator, Hormander forms, connection, 
semi-connection, diffusion processes, Girsanov theorem, intertwined diffusions, 
conditioned laws, filtering, Weitzenbock curvature, skew-product decomposition, 
stochastic flows, manifolds, Riemannian submersions, bundles, principal bundles, 
Diffeomorphism bundles. 
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Chapter 1 

Diffusion Operators 



If £ is a second order differential operator on a manifold M, denote by a c : T*M — > TM 
its symbol determined by 

df (a c {dg)) = l -C (fg) - \{Cf)g - ±f{£g), 

for C 2 functions /, g. We will often write o" £ (£ 1 , £ 2 ) for £ 1 a c {£ 2 ) and consider a c 
as a bilinear form on T*M. Note that it is symmetric. The operator is said to be 
semi-elliptic if a c (£\ f ) ^ for all i 1 , £ 2 G T U M*, all u E M, and elliptic if the 
inequality holds strictly. Ellipticity is equivalent to a c being onto. 

Definition 1.0.1 A semi-elliptic smooth second order differential operator C is 
said to be a diffusion operator if CI = 0. 

1.1 Representations of Diffusion Operators 

Apart from local representations as given by equation 1 there are several global 
ways to represent a diffusion operator C. One is to take a connection V on 
TM. Recall that a connection on TM gives, or is given by, a covariant deriva- 
tive operator V acting on vector fields. For each C r vector field U on M it 
gives a C r_1 section V_£7 of ~h(TM;TM). In other words for each x G M 
we have a linear map v h- > V^C/ of T X M to itself. This covariant derivative 
of £7 in the direction v satisfies the usual rules. In particular it is a derivation 
with respect to multiplication by differentiable functions / : M — > R, so that 
^vfU = df(v)U(x) + f(x)W v U. Given any smooth vector bundle tE — > M 
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over M a connection on E gives a similar covariant derivative acting on sections 
U of E. This time v — > Vt,£7 is in L(T X M; where E x is the fibre over x for 
x G M. Such connections always exist. 
Then we can write 

Cf(x) = trace TxM V_( ( 7 £ (d/-)) + df(V°(x)) (1.1) 

for some smooth vector field V on M. The trace is that of the mapping v h- > 
*V v (cr c (df)) from T^M to itself. To see this it is only necessary to check that the 
right hand side has the correct symbol since the symbol determines the diffusion 
operator up to a first order term. 

If a smooth 'square root' to 2a c can be found we have a Hormander rep- 
resentation. The 'square root' is a smooth X : M x R m — > TM with each 
X(x) = X(x, -) : R m -> T X M linear, such that 

2cr^ = X(x)X(a;)* : T X *M -> T X M. 

Thus there is a smooth vector field A with 

£ = -J]L XJ -L XJ -+L A , (1.2) 

3=1 

where Ly denotes Lie differentiation with respect to a vector field V, so h v f(x) = 
df x (V(x)), and = X(x)(ej) for {ej} an orthonormal basis of R m . If a c 

has constant rank such X may be found. Otherwise it is only known that lo- 
cally Lipschitz square roots exist (see the discussions in Appendix A). In that 
case L X jl>xi is only defined almost surely everywhere and the vector field A can 
only be assumed measurable and locally bounded. Nevertheless uniqueness of the 
martingale problem still holds (see below). Also there is still the hybrid represen- 
tation, given a connection V on TM: 

m 

-^ Vxi ^ {df){Xj{X))jrdf{V ° {X)) - (L3) 

i=i 

for V° locally Lipschitz. 

The choice of a Hormander representation for a diffusion operator, if it exists, 
determines a locally defined stochastic flow of diffeomorphisms {£ t : ^ t < 
whose one point motion solves the martingale problem for the diffusion operator. 



1 .2. THE ASSOCIATED FIRST ORDER OPERATOR 
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In particular on bounded measurable compactly supported / : M — > R the asso- 
ciated (sub)Markovian semigroup is given by P t f = E(/o £ t ) . See also Appendix 
II. 

Despite the discussion above we can always write C in the following form: 

N 

C = J2 a iA-) L x&x> + Lx«, (1.4) 

ij=l 

where iV is a finite number, a lJ and X k are respectively smooth functions and 
smooth vector fields with 

1.2 The Associated First Order Operator 

Denote by C r A p = C r A p T*M, r > 0, the space of C r smooth differential p- 
forms on a manifold N. To each diffusion operator C we shall associate an opera- 
tor see Elworthy-LeJan-Li [26], [27] c.f. Eberle [19]. The horizontal lift of C 
will then be defined in terms of a lift of 5 C . 

Proposition 1.2.1 For each diffusion operator C there is a unique smooth linear 
differential operator 5 C : C'^A 1 -> C r A° such that 

(1) ^(/0) = ^(0) + /-^(0) 

(2) 5 c (df)=Cf. 

Equivalently 5 C is determined by either one of the following: 

5 c (fdg) = a c (df,dg) + fCg (1.5) 

5 c (fdg) = l -CUg)-\g£f + \f£g. (1.6) 

Proof. Take a connection V on TM then, as in (1.1), C can be written as Cf = 
trace Va c (df) + L y o/ for some smooth vector field V°. Set 

5 C (f) = trace V(fT £ 0) + <j>(V°). 

Then 5 £ (rff) = £/ and 

5 c (f0) = trace V(/(a £ 0)) + f<f>(V°) = f5 c c/> + df(a c <p). 
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Note that a general C r 1-form <p can be written as = Y^j=i fidg% for some C r 
function and smooth for example, by taking (g 1 , . . . , g m ) : M — >■ R m to be 
an immersion. This shows that (1) and (2) determine 5 C uniquely. Moreover since 
£ is a smooth operator so is 5 C . □ 

Remark 1.2.2 If the diffusion operator £ has a representation 

m 

£ = aijhxjf-'xi + Lx» 

3=1 

for some smooth vector fields X 1 and smooth functions a^-, i, j = 0,1, ... ,m 
then 

m 

5 C = ^ ajjL X ji X j + 

where denotes the interior product of the vector field A with a differential form. 
One can check directly that 5 c (df) = £f and that (1) holds. In particular in a local 
chart, for the representation given in equation (1) we see that 5 C is given by 

m d 
5 C <P = aij—cpjix) + 

3=1 ° Xi 

where has the representation 

4>x = Y'Pji.x) dx l 



1.3 Diffusion Operators Along a Distribution 

Let N be a smooth manifold. By a distribution S in N we mean a family {S u : 
u E N} where S u is a linear subspace of T U N; for example S could be a sub- 
bundle of TN. Given such a distribution S let S° = Li u S° for 5° the annihilator 
of S u in T:N. 

Definition 1.3.1 

Let S be a distribution in T7V. Denote by C r S° the set of C r 1 -forms which 
vanish on S. A diffusion operator £ on N is said to be along S if 5 C 4> = for 
G C 1 ^ . 



1.3. DIFFUSION OPERATORS ALONG A DISTRIBUTION 
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Suppose C is along S and take G C'S' . By Proposition 1.2.1 and the 
symmetry of a c , = (df)(a c ((f))) = 4>(o c (df) giving <p x G Image [erf] . This 
proves Remark 1.3.2 (i): 

Remark 1.3.2 (i) if 5 c (j) = for all G C 1 ^ , then <x £ = for all such 

and Image[<7^] C n^, 6C i5o[ker (f) x \ for all x E N. 

(ii) If S is a sub-bundle of TN and £ is along S then without ambiguity we 
can define 5 c (p for a C° section of 5* by 5 c (p := b <\> for any 1-form 
4> extending <fi. Recall that S* is canonically isomorphic to the quotient 

T*N/S°. 

Definition 1.3.3 If 



for all x we say S is a regular distribution. 

Clearly sub-bundles are regular. 

Proposition 1.3.4 (1) Let S be a regular distribution of N and £ an operator 
written in Hormander form: 



where the vector fields Y° and Y J ,j = 1, . . . , m are C° and C 1 respectively. 
Then C is along 5 if and only if Y l are sections of S. 

(2) If B is along a smooth sub-bundle S of TiV then for any connection V 5 on 
S we can write B as 



Also we can find smooth sections X ,..., X m of S and smooth functions 
an such that 



Sx = ri0 eC i s o[ker0 x ] 




(1.7) 



£/ = traced (aV/))+L x0 /. 




Proo/ For part (1), if F l are sections of S, take G C 1 ^ then 
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and so C is along S. 

Conversely suppose C is along S. Define a C 1 bundle map Y : R m — > TiV by 
Y(x)(e) = Y^j=i Y j (x)ej for {ej}™ =1 an orthonormal base of R m . Then 

2of = F(x)F(x)* 

and 

Image[y(a;)] = Image [erf ] C 5, 

by Remark 1.3.2. Now 

which can only vanish for all e/> E C 1 S' if Y° is a section of S. Thus F 1 , . . . , Y m , 
and F° are all sections of S. 

For part (2), we use (1.1) and take V there to be the direct sum of V 5 with an 
arbitrary connection on a complementary bundle, obtaining a B has image in S by 
Remark 1.3. 2(i). □ 



1.4 Lifts of Diffusion Operators 

Let p : N — > M be a smooth map and £ a sub-bundle of TM. Let S be a sub- 
bundle of TN transversal to the fibre of p, i.e. VT U N n S = {0} all u G iV and 
such that T^p maps 5^ isomorphically onto E p ^, for each y. 

Lemma 1.4.1 Every smooth 1-form on N can be written as a linear combination 
of sections of the form ip + \p*(4>) for A : N — > R smooth, a 1-form on M, 
and tp annihilates S. In particular any 1-form annihilating VTN is of the form 
Xp*((f>). If E = TM then ip is uniquely determined. 

Proof. Take Riemannian metrics on M and N such that the isomorphism between 
S and p* (E) given by Tp is isometric. Fix y e iV. Take a neighbourhood V of 
p(yo) m over which E is trivializable. Let f 1 , f 2 , . . . , v p be a trivialising family 
of sections over V. Set [/ = p _1 (l / ). If J = the dual 1-form to v\ j = I 

to p, over V then {p* (0 J, ) # , j = 1 to p} gives a trivialization of S over [/. [Indeed 
P {<^)y{-) = <li(y)( T yP-) = Since any vector field over V 

can therefore be written as one orthogonal to S plus a linear combination of the 
p* by duality the result holds for forms with support in U. The global result 

follows using a partition of unity. 

For the uniqueness note that if E = TM then TN = VTN + S. □ 



1 .4. LIFTS OF DIFFUSION OPERATORS 
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Proposition 1.4.2 Let A be a diffusion operator on M along the sub-bundle E 
of TM. There is a unique lift of A to a smooth diffusion generator A s along the 
transversal bundle S. Write 5 = 5 aS . Then A s is determined by 

(i) 5(ip) = if ip annihilates S. 

(ii) 5 (p*(f>) = (5 A (j)) o p, for e Q 1 (M). 

Moreover (iii) foryeN let : E p ^ — > T y iV be the right inverse of T^p with 
image S y . Then 

(a) of = h y h* y 

(b) If A is given by 

N 

A = $Z ^jLx'Lx, + L x o (1.8) 
where X 1 , . . . , X w and X° are sections of E then 

A s =J2 ^ ° P) L x- L » + Lxo (1.9) 

for^^^/i,^^)). 

Proof. Lemma 1.4.1 ensures that (i) and (ii) determine 5 uniquely as a smooth 
operator on smooth 1 -forms if it exists. On the other hand we can represent A 
as in (1.8) and define A s be (1.9). It is straightforward to check that then 5 A ' S 
satisfies (i) and (ii). 

By definition and the observation after (1.9) this must be the horizontal lift, if 
it is a diffusion generator. On the other hand if A is given by (1.8) we use it to 
define A s by (1.9). It is easy to see that 5 A ' S satisfies (i) and (ii) and so 5 A ' S = 5. 
From this A = A s and A s is a smooth diffusion generator. □ 

In the terminology of section 1.3 S u — ker[T u p], sometimes written as VT U N, 
is a distribution. 

Definition 1.4.3 When an operator B is along the vertical distribution ker[Tp] we 
say B is vertical, and when there is a horizontal distribution such as {H u : u E N} 
as given by Proposition 2. 1.2 below and B is along that horizontal distribution we 
say B is horizontal . 
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Proposition 1.4.4 Let B be a smooth diffusion operator on N and p : N — > M 
any smooth map, then the following conditions are equivalent: 

(1) The operator B is vertical. 

(2) The operator B has a expression of the form of ^Jl 1 a y LyiLy J + L y o 
where a tj are smooth functions and Y j are smooth sections of the vertical 
tangent bundle of TN. 

(3) B(fop) = for all C 2 f : M -> R. 

/Voo/ (a). From (1) to (3) is trivial. From (3) to (1) note that every which van- 
ishes on vertical vectors is a linear combination of elements of the form fp*(dg) 
for some smooth g : M — > R by Lemma 1 .4. 1 . To show that £> is vertical we only 
need to show that S B (fp*(dg)) = 0. But B(g op) = implies S B (p*(dg)) = 
and also p*(dg)a B (p*(dg)) = \B(g o p) 2 — (go p)B(g op) = 0. By semi- 
ellipticity of B, a B (p*(dg)) = 0. Thus assertion (1) follows since 5 B (fp*(dg)) = 
dfa B (p*(dg)) + f ■ 5 B (p*(dg)) from Proposition 1.2.1(1), and so (1) and (3) are 
equivalent. 

Equivalence of (1) and (2) follows from Proposition 1.3.4. □ 

Remark 1.4.5 (1) If H is vertical, then by Proposition 1.2.1, for all C 2 func- 
tions h on N and f 2 on M, B (A(/ 2 o p)) = (f 2 o p)Bf 1 ; 

(2) If B and B' are both over a diffusion operator A of constant rank nonzero 
rank such that A is along the image of a A , then B — B' is not in general 
vertical, although (B - B')(f o p) = for all C 2 function / : M -> R, 
since it may not be semi-elliptic. For example take p : R 2 — > R to be 
the projection = x with >l = J^, = |^ + Let fi' = 

^ + ttt + o^i-. Then B is also over .4. but B — B' = —jrir is not vertical. 



Chapter 2 

Decomposition of Diffusion 
Operators 

Consider a smooth map p : N — > M between smooth manifolds M and N. By a 
lift of a diffusion operator ^4 on M over p we mean a diffusion operator £> on N 
such that 

B(f°p) = (Af)op (2.1) 
for all C 2 functions / on M. In this situation we adopt the following terminology: 

Definition 2.0.6 If (2.1) holds we say that B is over A, or that A and B are 
intertwined by p. A diffusion operator B on iV is said to be projectible (over p), 
or p-projectible, if it is over some diffusion operator A. 

Recall that the pull back p*<fi of a 1-form is defined by 

P*{4>)u = (j) P (u)(Tp(-)) = (Tp)*(f) p{u) . 
For our map p : N M, a diffusion operator B is over A if and only if 

5 B {p^)) = {5 A <P){p), (2.2) 

forall^eC 1 A 1 T*M. 

2.1 The Horizontal Lift Map 

Lemma 2.1.1 Suppose that B is over A. Let a 3 and cr 4 be respectively the sym- 
bols for B and A. Then 

= <4.)> V« G N, (2.3) 
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i.e. the following diagram is commutative : 
T*N - T U N 



(T uP y 



T ku) M - 



T P(U) M. 



} p(u) 



Proof. Let / and g be two smooth functions on M. Then for u E N, x = p(u), 
(df x ) o A (dg x ) = \A{fg) (x) -\{fAg){x)- 1 - (gAf) (x) 

= \®{{fg) °p) ( u ) - \f ° pB(g ° p)(u) - ° pB(f o P )(u) 

= d{gop) u a B u {d{fop) u ) 
= (dg o T u p) a® (df o T u p) , 



which gives the desired equality. 



□ 



For x in M, set E x := Image [a^f] C T X M. If a A has constant rank, i.e. 
dim[E x ] is independent of x, then E := U X E X is a smooth sub-bundle of TM. 

Proposition 2.1.2 Assume a A has constant rank and B is over A. Then there is a 
unique, smooth, horizontal lift map h u : E.^ — > T U N, u £ N, characterised by 



In particular 



where a G T* {u) M satisfies o"^ u) (a 



h u oa A u) = a B u {T uP y 



h u (v) = a®((T uP ya) 
v. 



(2.4) 
(2.5) 



Proof. Clearly (2.5) implies (2.4) by Lemma 2.1.1 and so it suffices to prove h u 
is well defined by (2.5). For this we only need to show a B ((T u p)* (a)) = for 
every a in ker[cr^]. Now a A a = implies that 

(T P y(a)a t3 ((T P ya) = 0, 

by Lemma 2.1.1. Considering a B as a semi-definite bilinear form this implies 
a®(T u p)* a vanishes as required. □ 



2. 1 . THE HORIZONTAL LIFT MAP 
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Note that the vertical distribution ker[Tp] is regular as ker[Tp] is annihilated 
by all differential 1 -forms of the form 9 o Tp. 

Let H u = Image and H = U U H U . Set F u = {T u p)~ l [E p (^\ so we have a 
splitting 

F U = H U + VT U N (2.6) 

where VT U N = ker [T U P] the 'vertical' tangent space at u to N. In the elliptic 
case p is a submersion, the vertical tangent spaces have constant rank, and F := 
U U F U is a smooth sub-bundle of TN. In this case we have a splitting of TN, 
a connection in the terminology of Kolar-Michor-Slovak [42]. In general we 
will define a semi-connection on E to be a sub-bundle H u of TN such that T u p 
maps each fibre H u isomorphically to E p ( u y In the equivariant case considered in 
Chapter 3 such objects are called ^-connections by Gromov. For the case when 
: N — > M is the tangent bundle projection , or the orthonormal frame bundle 
note that the "partial connections" as defined by Ge in [35] are rather different 
from the semi-connections we would have: they give parallel translations along 
^-horizontal paths which send vectors in E to vectors in E, and preserve the 
Riemannian metric of E , whereas the parallel transports of our semi-connections 
do not in general preserve the fibres of E, nor any Riemannian metric, and they 
act on all tangent vectors. 

Lemma 2.1.3 Assume a A has constant rank and B is over A. For all u e iV the 
image of a® is in F u . 

Proof. Suppose a eT*N with a 3 (a) £~ F u . Then there exists k in the annihilator 
of E p ( u ) such that k (T u pa B (a)) ^ 0. However 

k {T uP a B (a)) = a {a B {{T u pf {k))) =ah u rf (u) (k) 

by Proposition 2.1.2; while tf {u) {k) = because for all (3 e T* (u) M, 

giving a contradiction. □ 

Proposition 2.1.4 Let A be a diffusion operator on M with cr A of constant rank. 
For i E {1, 2}, let p % : N l — > M be smooth maps and B % be diffusion operators 
on N % over A. Let F : N 1 — > A^ 2 be a smooth map with p 2 o F = p 1 . Assume F 



22 



CHAPTER 2. DECOMPOSITION OF DIFFUSION OPERATORS 



intertwines B 1 and B 2 . Let h 1 , h 2 be the horizontal lift maps determined by A, B 1 
and A, B 2 . Then 

h 2 F(u) =T u F(hl), ueN 1 ; (2.7) 

i.e. the diagram 



TuN 1 



T F 




T F(U) N 2 



commutes for all u G N. 

Proof. Since F intertwines B 1 and B 2 , Lemma 2.1.1 gives 

vf { u)=T u Foof o{T u FY. 
Now take a e T* l( ^M with cr^^a) = i>, some given t> e E p i^ u y From (2.5) 

= 4U(T P 2 ya) 

= T u Foaf o(T u F)*(Tp 2 ya 
= T u Foa®\T u p l ya 
= T u hl(v) 



as required. 



□ 



Definition 2.1.5 A diffusion operator B on N will be said to have projectible 

symbol for p : iV — > M if there exists a map rj : T*M —> TM such that for all 
u £ N the diagram: 

T*iV - T„iV 



T* M- 



Vp(u) 



T u p 



■T P{U) M. 



commutes, i.e. if (T u p)a®(T u p)* depends only on p(u) 



2.2. EXAMPLE: THE HORIZONTAL LIFT MAP OF SDES 
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In this case we also get a uniquely defined horizontal lift map as in Proposition 
2.1.4 defined by equation (2.7) using r\ instead of the symbol of A. This situation 
arises naturally in the standard non-linear filtering literature as described later see 
chapter 5. 



2.2 Example: The Horizontal Lift Map of SDEs 

Let us consider the horizontal lift connection in more detail when B and A are 
given by stochastic differential equations. For this write A and B in Hormander 
form corresponding to factorisations = X(x)X(x)* and a x = X(x)X(x)* 
for 

X(x) : R m -> T X M, x G M 

X(u) : R™ -> T U N, ueN. 
Then X(x) maps onto E x for each x G M. Define Y x : E x R m to be its right 
inverse: Y(x) = \x(x) \ kcrX(x)± 



-i 



Lemma 2.2.1 For each u £ N there is a unique linear £ u : R m — > R m such that 
ker £ u = ker and the diagram 



T*N- 

u 



(TupY 



T*M 



x( u y 




T X M 



X(x)* X(x) 

commutes, for a; = p(u), i.e. = T u p o a x (T u p)* andX(x) = T u p o X{u) o £ v 
In particular the horizontal lift map is given by h u = X(u)£ u Y(p(u)). 



Proof. The larger square commutes by Lemma 2.1.1. For the rest we need to 
construct £ u . It suffices to define i u on [ker X(x)] ± . Note that [kerX(x)]- 1 = 
Image X(x)* in R m . We only have to show that a E kerX(x)* implies 



X{u)*{T u p)*a = 0. 
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In fact for such a the proof of part (i) of Proposition 2.1.2 is valid and therefore 
(T u p)*a E ker erf . However since X(u) is injective on the image of X(u)* we 
see ker erf = ker X(u)\ Thus £ u is defined with ker£ u = ker X(x) and such that 
the left hand square of the diagram commutes. Since the perimeter commutes it 
is easy to see from the construction of £ u that the right hand side also commutes. 
The uniqueness of £ u with kernel equal that of X(x) is clear since on [ker X(x)] 1 - 
£ u (e) = X(u)*(T u p)*X(x)(e). ' □ 

Note. The horizontal lift ofX(x), which can be used to construct a Hormander 
form representation X v of A H , as in Proposition 2.3.5 and Theorem 3.2.1 below 
is given by: 

X v (u) : R m -> T U P 

X v (u) = h u X(u) = X(u)£ u 

since Y x X(x) is the projection onto ker X(x)- L . (In the terminology of El worthy - 
LeJan-Li [27] X v does not involve the 'redundant noise' .) Furthermore consider 
the special case that rh = m and also that X and X are p-related, i.e. 

T u p(X(u)e) = X(p(u))e, «6iV,eGR ra 

Then £ u is the projection of R m onto [ker X(p(u))] ± : 

£ u = Y(p(u))X(p(u)) 

giving 

K = X(u)Y(p(u)) (2.8) 

In this case the 'diffusion coefficients' X v , above, is obtained from X by restric- 
tion to the 'relevant noise' for X. 

2.3 Lifts of Cohesive Operators & Decomposition 
Theorem 

A diffusion generator £ on a manifold is said to be cohesive if 

(i) erf, x e X, has constant non-zero rank and 

(ii) C is along the image of a c . 
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Remark 2.3.1 From Theorem 2.1.1 in Elworthy-LeJan-Li [27] we see that if the 
rank of erf is bigger than 1 for all x then £ is cohesive if and only if it has a 
representation 

j TO 

£ = 2 ^ xj ^ XJ 
where = span{X 1 (x), . . . X m (x)} has constant rank. 

Proposition 2.3.2 Let B be a smooth diffusion operator on TV over A with .4 
cohesive. The following are equivalent: 

(i) B = A H 

(ii) B is cohesive and T u p is injective on the image of erf for all u E N. 

(iii) B can be written as 

j TO 

# = 2 + L x° 

j'=i 

where X°, . . . , X m are smooth vector fields on iV lying over smooth vector 
fields X°, . . . , X m on M, i.e. T u p{X\u)) = X\p{u)) for w G iV for all j. 

Proof. If (i) holds take smooth X\...X m with .4=1 Y%Li L x jL * j + L * ' b y 
Proposition 1.3.4, and set X 3 (u) = h u X J (p(u)) to see (iii) holds. Clearly (iii) 
implies (ii) and (ii) implies (i), so the three statements are equivalent. □ 

Definition 2.3.3 If any of the equivalent conditions of the proposition holds we 
say that B has no vertical part. 

Recall that is S is a distribution, S* denotes the set of annihilators of S. 
Lemma 2.3.4 For £ G H® and k G (V U TN)°, some u G N we have: 

A. £a B (k) = 

B. a B {k) = a A " (k) 

C. a AH (£) = 0. 

In particular H u is the orthogonal complement of VT u NP\\m.a,ge(a® ) in Image (erf ) 
with its inner product induced by erf. 
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Proof. Set x = p(u). For part A and part B it suffices to take k = <fi o T u p some 
G T*M. Then by (2.4), of (0 o T u p) = h u o <r^(0) giving part A, and also part 
B by Proposition 1.4.2 (iii)(a) since = h* u ((f) ° T^p), part C comes directly from 
Proposition 1.4.2 (iii)(a). □ 

Theorem 2.3.5 For B over A with A cohesive there is a unique decomposition 

B = B 1 + B v 

where B 1 and £> y are smooth diffusion generators with B v vertical and B 1 over A 
having no vertical part. In this decomposition B 1 = A H , the horizontal lift of A 
toH. 

Proof. Set B v = B — A H . To see that B v is semi-elliptic take u e N and observe 
that any element of T*N can be written as i + k where £ e and A; e (VT^A^) 
by Lemma 2.3.4 and 

(£ + k)a B (l + fc) =£cr B (£) > 0. 

Since B v (f op) =0 any / e C 2 (M; R) Proposition 1.4.4 implies B v is vertical. 
Uniqueness holds since the semi-connections determined by B and B' are the 
same by Remark 1.3.2(i) applied to B v and so by Proposition 2.3.2 we must have 
B 1 = A H . " ~ □ 

For p a Riemannian submersion and B the Laplacian, Berard-Bergery and Bour- 
guignon [7] define B v directly by B v f(u) = A Nx (f\ Nx )(u) for x = p(u) and 
N x = p^ 1 (x) with the Laplace-Beltrami operator of N x . 



Example 2.3.6 1. Take N = S 1 x S 1 and M = S 1 with p the projection on 
the first factor. Let 



2 dx 2 dy 2 dxdy 
Here < a < f so that B is elliptic. Then A = \ 

andi^ = i(l-(tana) 2 )|^ with^ = I(^ + (tlna) 2 |^)+tana ° 2 



2 v v / / 9j/ 2 2 V 9z 2 V / dy 2 ' dxdy ' 

This is easily checked since, with this definition A H has Hormander form 

. jt 1,8 d n9 
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and so is a diffusion operator which has no vertical part. Also B v is clearly 
vertical and elliptic. Note that this is an example of a Riemannian sub- 
mersion: several more of a similar type can be found in [7]. In this case 
the horizontal distribution is integrable and if a is irrational the foliation it 
determines has dense leaves. 

2. Take iV = R 3 with Heisenberg group structure. This is defined by 

(x, y, z) ■ (x', y', z') = (x + x' ,y + y' , z + z + ^ (xy' - yx)) . 

Let X, Y, Z be the left-invariant vector fields which give the standard basis 
for R 3 at the origin. As operators: 

did did 
X(W) = dx-2 y ^ Yix ^ z) = d^ + 2 X d-z 

Z(x,y,z) = ^. 

Take B to be half the sum of the squares of X, Y , and Z. This is half the 
left invariant Laplacian: 

» 1 ( 92 9 2 n 1, 2 2 ,, d 2 1 . d 2 d 2 



2 \dx 2 dy 2 4 dz 2 2 dydz dxdz 

Take M = R 2 and p : R 3 — > R 2 to be the projection on the first 2 co- 
ordinates. Then 

B v = iz 2 - 1 92 



2 2dz 2 ' 

Note that the horizontal lift a, of a smooth curve er : [0,T] — > M with 
cr(0) = 0, is given by 

Ht) = (W), ^ 2 W, ^ jf (^(Odrr 2 ^) - ^(Odrr 1 ^))) • (2.9) 

Thus the "vertical" component of the horizontal lift is the area integral of 
the curve. Equation (2.9) remains valid for the horizontal lift of Brown- 
ian motion on R 2 , or more generally for any continuous semi-martingale, 
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provided it is interpreted as a Stratonovich equation ( or equivalently an 
Ito equation in the Brownian motion case). This example is also that of 
a Riemannian submersion. In this case the horizontal distributions are not 
integrable. Indeed the Lie brackets satisfy [X, Y] = Z and Hormander's 
condition for hypoellipticity: a diffusion operator C satisfies Hormander's 
condition if for some (and hence all) Hormander form representation such 
as in equation (1.7) the vector fields Y 1 , . . . , Y m together with their iter- 
ated Lie brackets span the tangent space at each point of the manifold. For 
an enjoyable discussion of the Heisenberg group and the relevance of this 
example to "Dido's problem" see [52]. See also [3], [9], and [36]. 

Recall that F = U U F U = U M (T u p)~ 1 [E p ( u )], we can now strengthen Lemma 
2.1.3 which states that Image [erf ] C F u . 

Corollary 2.3.7 If B is over A with A cohesive, then B is along F. 

Proof. Since H u e F u and VT U N C F u both B 1 and B v are along F. □ 

2.4 Diffusion Operators with Projectible Symbols 

Given p : N — > M as before, suppose now that we have a diffusion operator B 
on M with a projectible symbol, c.f. Definition 2.1.5. This means that a B lies 
over some positive semi-definite linear map r\ : T* M — > TM. Assume that r\ has 
constant rank. We will show that in this case we also have a decomposition of B. 
To do this first choose some cohesive diffusion operator A on M with u A = rj. In 
general there is no canonical way to do this, though if 77 were non-degenerate we 
could choose A to be a multiple of the Laplace-Beltrami operator of the induced 
metric on M. 

From above we also have an induced semi-connection with horizontal sub- 
bundle H, say, of TN. 

Definition 2.4.1 We will say that B descends cohesively (over p) if it has a pro- 
jectible symbol and there exists a horizontal vector field, b H , such that 

B-L bH 

is projectible over p. 



2.4. DIFFUSION OPERATORS WITH PRO JECTIBLE SYMBOLS 
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The following is a useful observation. Its proof is immediate from the two lemmas 
and proposition which are given after it: 

Proposition 2.4.2 If B descends cohesively then for each choice of A satisfying 
°"p(u) = T u p<Ju(T u p)* there is a horizontal vector field b H such that B — L b H lies 
over A. 

Lemma 2.4.3 Assume that r] has constant rank. If / is a function on M let / = 
fop. For any choice of A with symbol rj the map 

/ » B(f ) - MJ) 

is a derivation from C°°M to C°°N where any f e C°°M acts on C°°N by 
multiplication by /. 



Proof. The map is clearly linear and for smooth /,g:M^Rwe have 

V (df\dg)=a B (df,dg) 



so by definition of symbols: 

B(fg) - Ah) = B(f)g + B(g)f - MJ)~g - A{g)f 
as required. □ 



Let D denote the space of derivations from C°°M to C°°N using the above action. 
Note that for p*TM -> N the pull back of TM over p, the space C°°Tp*TM of 
smooth sections of p*TM can be considered as the space of smooth functions 
V : N -> TM with V(u) e T p(u) M for all u E N. We can then define 

: C°°Tp*TM -> D 

by 

e(\/)(/)H = rf/ p(u) (\/( M )). 

Lemma 2.4.4 Assume that 77 has constant rank The map : C°°Tp*TM — > D is 
a linear bijection. 
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Proof. Let D £ D. Fix u G JV. The map from C°°M to R given by / i-> df(u) 
is a derivation at here the action of any / G C°°M on R is multiplication 
by f(p(u)), and so corresponds to a tangent vector, V(u) say, in T p ( u )M. Then 
= d/ p ( u )(V(u)). By assumption df(u) is smooth in u, and so by suitable 
choices of / we see that V is smooth. Thus 0(V) = d and has an inverse. 

□ 

From these lemmas we see there exists b G C°°Tp*TM with the property that 

(Bf - Af) (u) = df p(u) (b(u)) (2.10) 

for all u G N and / e C°°M. Assume that b has image in the subbundle E of 
TM determined by r\. Using the horizontal lift map h determined by B define a 
vector field b H on N: 

b H (u) = h u (b(u)). 

Proposition 2.4.5 Assume that 77 has constant rank and that b has image in the 
subbundle E determined by 77. The vector field b H is such that B — b H is over A. 

Proof For f eC°°M, 

(B - b H ){f) = Af + df(b(-)) - df o Tp(b H (-)) = Af 

using the fact that Tp(b H (-)) = b(-). □ 

We can now extend the decomposition theorem: 

Theorem 2.4.6 Let B be a diffusion operator on N which descends cohesively 
over p : N M. Then B has a unique decomposition: 

B = B H + B V 

into the sum of diffusion operators such that 

(i) B v is vertical 

(ii) B H is cohesive and T u p is injective on the image of erf " for all u G N. 
With respect to the induced semi-connection B H is horizontal. 
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Proof. Using the notation of the previous proposition we know that B — b H is 
over a cohesive diffusion operator A. By Theorem 2.3.5 we have a canonical 
decomposition 

B - b H = B l + B v , 

leading to 

B = (b H + B 1 ) + B v . 

If we set B H = b H + B 1 we have a decomposition as required. On the other hand 
if we have two such decompositions of B we get two decompositions of B — b H . 
Both components of the latter must agree by the uniqueness in Theorem 2.3.5, and 
so we obtain uniqueness in our situation. □ 

Extending Definition 2.3.3 we could say that a diffusion operator B H satisfying 
condition (ii) in the theorem has no vertical part. 

Note that if we drop the hypothesis that b H is horizontal, or equivalently that 
b in Proposition 2.4.5 has image in E, we still get a decomposition by taking an 
arbitrary lift of b to be b H but we will no longer have uniqueness. 



2.5 Horizontal lift of paths & completeness of semi- 
connections 

A semi-connection on p : N — > M over a sub-bundle E of TM gives a procedure 
for horizontally lifting paths on M to paths on N as for ordinary connections but 
now we require the original path to have derivatives in E; such paths may be 
called E-horizontal. 

Definition 2.5.1 A Lipschitz path a in iV is said to be a horizontal lift of a path 

a in M if 

• p o a = a 

• The derivative of a almost surely takes values in the horizontal subbundle 
H of TN. 

Note that a Lipschitz path a : [a,b] — > M with a(t) E ^a(t) f° r almost all 
a ^b has at most one horizontal lift from any starting point u a in p~ l (a(a)). 
To see this first note that any such lift must satisfy 



&(t) = h a(t) a(t). 



(2.11) 



32 



CHAPTER 2. DECOMPOSITION OF DIFFUSION OPERATORS 



This equation can be extended to give an ordinary differential equation on all of 
N. For example take a smooth embedding j : M — > R m into some Euclidean 
space. Set f3(t) = j(a(t)). Let X(x) : R m — > be the adjoint of the restriction 
of the derivative T x j of j to E x , using some Riemannian metric on E. Then cr 
satisfies the differential equation 

x(t) = X(x(t))($(t)) (2.12) 

and it is easy to see that the horizontal lifts of a are precisely the solutions of 

ii(t) = h u{t) X(p(u(t)))0(t)) 

starting from points above a (a) and lasting until time b. 

In the generality in which we are working there may not be any such solu- 
tions, for example because of "holes" in N. We define the semi-connection to 
be complete if every Lipschitz path a with derivatives in E almost surely, has a 
horizontal lift starting from any point above the starting point of a. 

Note that completeness is assured if the fibres of N are compact, or if an X, 
with values in E, and (3, can be found so that a is a solution to equation (2.12) and 
there is a complete metric on N for which the horizontal lift of X is bounded on 
the inverse image of a under p. In particular the latter will hold if p is a principal 
bundle and we have an equivariant semi-connection as in the next chapter. It will 
also hold if there is a complete metric on N for which the horizontal lift map 
h u E h(E p ( u );T u N) is uniformly bounded for u in the image of a. 

2.6 Topological Implications 

Although our set up of intertwining diffusions with a cohesive A seems quite 
general it implies strong topological restrictions if the manifolds are compact and 
more generally. Here we partially extend the approach Hermann used for Rieman- 
nian submersions in [37] with a more detailed discussion in Chapter 6 below. 

For this let T>°(x) be the set of points z E M which can be reached by Lips- 
chitz curves a : [0, t] — > M with <t(0) = x and a(t) = z with derivative in E 
almost surely. Its closure V'(x) relates to the propagation set for the maximum 
principle for A, and to the support of the A- diffusion as in Stroock-Varadhan 
[66], see Taira[70]. 

Theorem 2.6.1 For B and A as before with A cohesive take x E M and z E 
T>°(xq). Assume the induced semi-connection is complete. Then if p^ 1 (x ) is a 
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submanifold of N so is p 1 (z) and they are diffeomorphic. Also if z is a regular 
value of p so is x. 

Proof. Let a; [0, T] — > M be a Lipschitz E'-horizontal path from re to z. There 
is a smooth factorisation = X(x)X(x)* for X(x) E £(R m ;T x M), x E M. 
Take the horizontal lift X : R' — > TN of X. 

By the completeness hypothesis the time dependent ODE on N, 



will have solutions from each point above cr(0) defined up to time T and so a 
flow giving the required diffeomorphism of fibres. Moreover, by the usual lower 
semi-continuity property of the "explosion time", this holonomy flow gives a dif- 
feomorphism of a neighbourhood of p~ x (x) in N with a neighbourhood of the 
fibre above z. The diffeomorphism commutes with p. Thus if one of x and z is a 
regular value so is the other. □ 

Corollary 2.6.2 Assume the conditions of the theorem and that E satisfies the 
standard Hormander condition that the Lie algebra of vector fields generated by 
sections of E spans each tangent space T y M after evaluation at y. Then p is a 
submersion all of whose fibres are diffeomorphic. 

Proof. The Hormander condition implies that V°(x) = M for all x E M by 
Chow's theorem (e.g. see Sussmann [69] or [36]. In [36] Gromov shows that 
under this condition any two points of M can be joined by a smooth E-horizontal 
curve. □ 

Corollary 2.6.3 Assume the conditions of the theorem and that V°(x) is dense in 
M for all x E M and p : N — > M is proper. Then p is a locally trivial bundle over 



Proof. Take x E M. The set Reg(p) of regular values of p is open by our proper- 
ness assumption. It is also non-empty, even dense in M, by Sard's theorem, and 
so since V°(x) is dense, there exists a regular value z which is in V°(x). It follows 
from the theorem that x E Reg(p), and so p is a submersion. However it is a well 
known consequence of the inverse function theorem that a proper submersion is a 
locally trivial bundle. □ 

Note that we only need Reg(p) to be open, rather than p proper, to ensure that 
p is a submersion. The density of V°(x) can hold because of global behaviour, 
for example if M is a torus and E is tangent to the foliation given by an irrational 
flow. 




dy. 



i 



M. 



CHAPTER 2. DECOMPOSITION OF DIFFUSION OPERATORS 



Chapter 3 

Equivariant Diffusions on Principal 
Bundles 

Let M be a smooth finite dimensional manifold and P (M, G) a principal fibre 
bundle over M with structure group G a Lie group. Denote by n : P — > M the 
projection and P a right translation by a. Consider on P a diffusion generator B, 
which is equivariant, i.e. for all / G C 2 (P; R), 

BfoR a = B(foR a ), aeG. 

Set / a (w) = /(ua). Then the above equality can be written as Bf a = (Bf) a . The 
operator B induces an operator A on the base manifold M. Set 

A f{x) =B(fon) (u), « G tt-^x), / G C 2 (M), (3.1) 

which is well defined since 

B(f on)(u- a) = B ((/ o tt)") ( w ) = B ((/ o vr)) ( u ). 

3.1 Invariant Semi-connections on Principal Bun- 
dles 

Definition 3.1.1 Let E be a sub-bundle of TM and 7r : P — > M a principal G- 
bundle. An invariant semi-connection over P, or principal semi-connection 

in the terminology of Michor, on n : P — > M is a smooth sub-bundle H E TP of 
TP such that 



35 



36 CHAPTER 3. EQUIVARIANT DIFFUSIONS ON PRINCIPAL BUNDLES 



(i) T u n maps the fibres H E T U P bijectively onto E^^ for all u e P. 

(ii) H E TP is G-invariant. 

Notes. 

1. Such a semi-connection determines and is determined by, a smooth hori- 
zontal lift: 

h u ■ > T U P 

such that (i). T u tt o h u (v) = v, for all v e E x C T X M; 
(ii). h u . a = T u i? a o /i tt . 

2. The action of G on P induces a homomorphism of the Lie algebra q of G 
with the algebra of left invariant vector fields on P: if A e £), 



■uexp(tA), u E P, 

t=o 



and A* is called the fundamental vector field corresponding to A. 

Using the splitting (2.6) of F u our semi-connection determines, (and is de- 
termined by), a 'semi-connection one-form' zu E C(H + VTN; g) which 
vanishes on H and has w(A*(u)) = A. 

3. Let F be an associated vector bundle to P with fibre V. An E semi- 
connection on P gives a covariant derivative V W Z e F x for w e E^, x G M 
where Z is a section of F. This is defined, as usual for connections, by 

V w Z = u(d(Z)(h u (w))), 

u e 7r _1 (x). Here Z : P -> V is 

Z(u) = u _1 Z(7r(«)) 

considering it as an isomorphism u : V — > F^^)- This agrees with the 
'semi-connections on E' defined in Elworthy-LeJan-Li [27] when P is taken 
to be the linear frame bundle of TM and F = TM. 

Theorem 3.1.2 Assume a A has constant rank. Then a B gives rise to an invariant 
semi-connection on the principal bundle P whose horizontal map is given by (2.5). 
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Proof. It has been shown that h u is well defined by (2.5). Next we show h u 
defines a semi-connection. As noted earlier, h defines a semi-connection if (i) 
T u ir o h u (v) — v, v e E x C T X M and (ii) h u . a = T u R a o h u . The first is immediate 
by Lemma 2.1.1 and for the second observe n o R a = it. So Tit o TR a = Tit and 
(Ttt)* = (TR a )* ■ (Tit)* while the following diagram 



U 



(T u R a y 



p 



-T P 



T u Ra 



T P 

tin A 



commutes by equivariance of B. Therefore 

T u R a oh u = T u R a -a B u (7»*o (a^)' 1 

= T u R a .a^o(T u R a )*o(T u . a 7T)*o(a^y 1 
= °u- a ° (T u . a 7r)* o (a£) 1 = h u . a . 



□ 



Curvature forms and holonomy groups etc for semi-connections are defined 
analogously to those associated two connections, we note the following: 

Proposition 3.1.3 In the situation of Proposition 2.1.4 suppose A is elliptic, p 1 , 
p 2 are principal bundles with groups G 1 and G 2 respectively, and F is a homo- 
morphism of principal bundles with corresponding homomorphism / : G 1 — > G 2 . 
Let T 1 and T 2 be the semi-connections on iV 1 , A^ 2 determined by B 1 and B 2 . Then 

(i) T 2 is the unique semi-connection on p 2 : iV 2 — > M such that TF maps the 
horizontal subspaces of TN 1 into those of TN 2 . 

(ii) If uj j , Vl j are the semi-connection and curvature form of T j , for j = 1,2, 
then 

F\u 2 ) = Uou l 

and 

F*{n 2 ) = u on 1 



38 CHAPTER 3. EQUIVARIANT DIFFUSIONS ON PRINCIPAL BUNDLES 



for /* : g i — > g 2 the homomorphism of Lie algebras induced by /. 

(iii) Moreover / : G 1 — > G 2 maps the T 1 holonomy group at u G iV 1 onto the 
T 2 holonomy group at F(u) for each u E N 1 and similarly for the restricted 
holonomy groups. 

Proof. Proposition 2. 1 .4 assures us that TF maps horizontal to horizontal. Unique- 
ness together with (ii), (iii) come as in Kobayashi-Nomizu [41] (Proposition 6.1 
on p79). □ 



3.2 Decompositions of Equivariant Operators 

Take a basis Ai, . . . , A n of g with corresponding fundamental vector fields {A*}. 
Write the semi-connection 1-form as zu = w k Ak so that zu h are real valued, 
partially defined, 1 -forms on P. 

In our equivariant situation we can give a more detailed description of the 
decomposition in Proposition 2.3.5. 

Theorem 3.2.1 Let B be an equivariant operator on P and A be the induced oper- 
ator on the base manifold. Assume that A is cohesive and let B = A H + B v be the 
decomposition of Proposition 2.3.5. Then B v has a unique expression of the form 
a l i Ca*£a* + ^ fi k Ha\, where a lj and (3 k are smooth functions on P, given 

by a ke = zu k (a B (zu e )), and /3 £ = 5 B (w t ) for zu the semi-connection 1-form on 
P. Define a : P — > <g> and /3 : P — > by 

a(u) = J]a ij '(u)A® Aj, ^) = ^^(ti)4 (3.2) 
These are independent of the choices of basis of g and are equivariant: 

a(ug) = (ad(g) <S> a>d(g)) a(u) 

and 

(3(ug) = ad(g)(3(u). 

Proof. Since every vertical vector field is a linear combination of the fundamental 
vertical vector fields, Proposition 1 .4.4, shows that 
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for certain functions a tj , (3 k . For /, g : P — > R setting <r := o B A , 

df{v{dg)) = \Y, ai " C ^ C ^9)-\Y,9^ j ^C A ,{f) 

Since zu(A* k ) = A k , we see that zu k (A* e ) = 8u and 

Since is horizontal a AH has image in the horizontal tangent bundle and so is 
annihilated by zu k . Thus 

a M = w fc (<r*V)) . (3.3) 
Note that by the characterisation, Proposition 1.2.1, 

Since w e (A* e ) is identically 1, it follows that 5 BV (tu) = Again <^(a/) = 
and so 

P* = S B (zu e ) (3.4) 

as required. 

For the last part a and f3 can be considered as obtained from the extension 
of the symbol a B and 5 B to 0- valued two and one forms respectively: a = 
zu(—)a B zu(—) and (3 = 5 B (w(—)). To make this precise consider a B as a bi- 
linear form and so as a linear map 

a B : T:P ® T:P -> R. 

The extension is the trivial one given by 

of <g) 1 <g> 1 : T U *P <g> T*P ®g®g^R®g®g~g®g 

using the identification of T*P ® g with L(T U P; g). Similarly the extension of 5 B 
is 

<^<g)l:T*P®g^R<g)g~g. 



40 CHAPTER 3. EQUIVARIANT DIFFUSIONS ON PRINCIPAL BUNDLES 



Thus 

a(u)(u <g> u) = (cr B <g> 1 <g> l) (P 23 u; ® 

where P 23 :T*P<g>g<g>T*P<g>0^ T*P<g>T*P<g>g®0 is the standard permutation 
and/^H = (<$£<g>l)(w). 
The equivariance of 

(P s )*ro = ad(p _1 )(ro), jGG 

is equivalent to the invariance of zu when considered as a section of T*M ® 
under 

TR g ®ad{g) : T* M ® g ^ T* M ® g, g e G. 

□ 

Remark 3.2.2 (a) For any equivariant operator of the form B — oc lj L A * L A * + 
J2P k LA* k with (^'(u)) positive semi-definite for each u £ P we can de- 
fine maps a and /3 by (3.2). Note that ct(u) is essentially the symbol of B 
restricted to the fibre P n ( u ) through u: 

with tu u identifying T M P 7r ( M ) with $j. Similarly /3 determines 5 B on a basis 
of sections of (VTP)*. 

(b) Let {u t : ^ t < C} be a ^-diffusion on P. By (3.3), 2a M (w t ) is the 

derivative of the bracket ^ J Q tu^ s o c£u s , J Q tu^ o du^j of the integrals of 

uo k and cj z along {-u t : < t < (}. See chapter 4 below for a detailed 
discussion. Thus a(u t ) is the derivative of the tensor quadratic variation: 



a(u t ) = - — 
v tJ 2dt 



J [w Ut O du t <g> O cfot^ . 



Moreover by (3.4) and Lemma 4.1.2 below j^f3{u s )ds is the bounded vari- 
ation part of f* w Us o du s . 

(c) If we fix u E P and take an inner product on g we can diagonalise a(u ) 
to write 
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where {A n : n = 1, . . . dim(0)} is an orthonormal basis. The ji n are the 
eigenvalues of a(u )# : g — > q obtained using the isomorphism: 

0®s -»• L(s;fl) 

a<S>b i-> (a<S>b) # , 
where (a ® b)*(v) = (b, v)a. 

Note that for g e G,a(u -g) = ^ n /i„ ad(g)A n (g>ad(g)A„. When the inner 
product is ad(G)-invariant then {ad(g)A n }^^ is still orthonomal and the 
{/!„}„ are the eigenvalues of a(u ■ g)#. They are therefore independent of 
the choice of u in a given fibre, (but depend on the inner product chosen). 



3.3 Derivative Flows and Adjoint Connections 

Let A on M be given in Hormander form 

j m 

-4=-X^*£ XJ +£ A ( 3 - 5 ) 

for some smooth vector fields X 1 , . . . X m , A. As before let E x = spajv{X 1 (x), . . . , X 
and assume dim E x is constant, denoted by p, giving a sub-bundle E C TM. The 
vector fields {X 1 (x), . . . , X m (x)} determine a vector bundle map 

X : R m -> TM 

with a- 4 = 

We can, and will, consider X as a map X : R m — > E 1 . Let Y x be the right 
inverse [X(x)\ keiX (x) ± V 1 °f an ^ (, )x the inner product, induced on E x by 
Y^. Then X projects the flat connection on R m to a metric connection V on E 
defined by 

V v U = X(x)d[y t-+Y y U(y)](v), U e C l YE,v eT y M, (3.6) 

(In [27] we have studied the properties of this construction together with the SDE 
induced by X, and there V is referred as the LW connection for the SDE.) More- 
over any connection V on a subbundle E of TM has an adjoint semi-connection 
V on TM over E defined by 



V U V = V V U + [U,V], 



U ETE,V G TTM. 
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Let 7r : GLM — > M be the frame bundle of M, so u G 7r _1 (x) is a linear 
isomorphism u : R n — > T^M. It is a principal bundle with group GL(n). If 
(? G GL(n) and 7t(m) = a; then -u • g : R n — > T X M is just the composition of u 
with g. 

Any smooth vector field A on M determines smooth vector fields ^4™ and 
A GL on TM and GLM respectively as follows: Let r\ t '■ t e (— e, e) be a (partial) 
flow for A and T?? t its derivative. Then v i— > Tr) t (v) is a partial flow on TM and 
■u i— > T?7 t o m one on GLM, Let ^4™ and A GL be the vector fields generating 
these flows. In fact A™ is r o TA : TM -> TTM where r : TTM -> TTM is 
the canonical twisting map: 

t(x,v,w,v') = (x,v,v',w) 

in local coordinates. 

Using this, the choice of our Hormander form representation induces a diffu- 
sion operator B on GLM by setting 

B = - ^2 L(XJ) Gi L( XJ )GL + L A GL. 

Then n intertwines B and A. For w & E x , set 

Theorem 3.3.1 Assume the diffusion operator A given by (3.5) is cohesive and 
let B be the operator on GLM determined by A. Let E be the image of a A , a 
vector bundle. 

(a) The semi-connection V induced by B is the adjoint of V given by (3.6). 
Consequently V W V = L Z ™V for any vector field V and w e E x , 

(b) For u e GLM, identifying gl{n) with £(R n ; R n ), 

)»(«) = -^E u " 1 ^ ( -,^-^" lRic# «(-)+«" 1 v«(-)A 

Here Ric* : TM — > Tv is the Ricci curvature of V considered as an operator 
from TM to E, defined by 

m 
3=1 

for R the curvature operator of V. 
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Proof. The first part can be deduced from the stochastic flow results in chapter 8 
but we give a direct proof here. Let 7if be the flow of X(-)(e). It induces a linear 
map X(u) : R m -> T U GLM on the general linear bundle GLM: 



X(.)e 
X(u)(e) 



GL 



[X{-){e)\ 
j t (TS e t ou)\ t=Q) u e GLM. 



We can apply lemma 2.2.1 with R m = R m and so i u = Y(p(u))X(p(u)). If 
x = p(u) and e _L ker[X(x)] then the horizontal lift map h u defined by Theorem 
3.1.2 is 



h u (X(x)(e))=X(u) (4(e)) = | 



(T< o u) . 



(3.7) 



t=o 



Note this will not hold in general if e e ker[X(x)]. 

Let a: [0, T] -> M be a C 1 curve with o-(i) e £ CT (t) each i. Then 

Z CT W(x) :=X(x)F CT(t) a(t). 

Let Sg t be the flow, from time s to time t, of the time dependent vector field Z a ^\ 
Now Sg t (a(s)) = a(t) for ^ s ^ t ^ T. Also, for any torsion free connection 
and any v G T a ^M 



D 

It 



TS^v) = VZ^ (TS S ») | t=s = V W Z*«. 



t=s 



Thus 



D 

dt 



TSl t {v) = V TSl Z^\ 



If w is the connection form of this torsion free connection then 



= ™ (hTSltOuoW))) 

by (3.7), showing that the vertical parts of ^ (TS 1 ^ o m ) and h,Ts% t ou (cr(t)) 
equal. 
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On the other hand, using this auxiliary connection, the horizontal parts of 
^ (TSq -i- o uq) and hTS% t o Uo {v{t)) are both equal to the horizontal lift of &(t). 
Thus 

— (TSg it o u ) = h T sg it ou {<j(t)) 

and so {TSfo o u : ^ t ^ T} is the horizontal lift of {a(t) : < t ^ T} 
with respect to the semi-connection induced by £>. However by Lemma 1.3.4 in 
Elworthy-LeJan-Li [27], TSq t (v) of Sq^ is the parallel translation of v along a by 
the adjoint semi-connection V of the LeJan-Watanabe connection on E associated 
to X and {TS^ t o w : < t ^ T} is the horizontal lift of {o-(t) : < t ^ T} 
with respect to V. This proves the first claim. And V W V = L Z ™V by Lemma 
1.3.4 of Elworthy-LeJan-Li [27]. 

For the last part let w : H VTGLM -> g = L(R n ; R n ) be the semi- 
connection 1-form. For w G GLM, set w t = T£ t o w where {^} is a local flow 
for the stochastic differential equation 

dx t = X(x t ) o dB t + A(x t )di (3.8) 

on M where {B t } is a Brownian motion on R m . (This defines the derivative flow 
on GLM.) 

As for ordinary connections 

w(odu t ) = u^jiut-) G £(R n ; R n ). 

Here, on the right hand side u t is differentiated as a process of linear maps u t G 
£(R n ; T Xt M) over (x t ). [It suffices to check the equality for C 1 curves (u t ) with 
x t = ir(u t ) having x t G E Xt , t ^ 0. For this we can write u t — x t • g t for x t a 
horizontal lift of {x t } and g t G C Then observe that j^(u t —) = Xt^x^Uf—).] 
However as in [27], 

u- l j t (u t -) = u^Vu^X o dB t + u^Vu^Adt. 

From this the formula for a(u) follows by Remark 3.2.2(b). For (3(u) we need 
to identify the bounded variation part of J* w{odu t ). For this write 

1 V Ut _ X o dB t = u 1 T XQ f ~ 1 j/t o // t V T & o« X o dS t 
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where J/ t is the parallel translation along {£ s (x ) : ^ s ^ t} using our semi- 
connection, which is the adjoint of V by Theorem 3.3.1. As in [27] 

llt'^T^X o dB t = //t^VT^XdBt - i// t _1 Ric # (T^ o Uo -)dt 

while 

u^T^f/t = u Q l - f\ Q l TC l V L _X o dB s - j\' l Ti; l V L _Ads 
giving the formula claimed for (3. □ 



Example: Gradient Brownian SDE 

An isometric immersion j : M — > R m of a Riemannian manifold M determines 
a stochastic differential equation on M: 

dx t — X(x t ) o dB t 

where X(x) : R m — > T^M is the orthogonal projection and £ is a Brownian 
motion on R m . More precisely 

X(x)(e) = V[y^{j(y),)](x). 

It is well known that the solutions of the SDE are Brownian motions on M, see 
[21], [63], [22], and the equation is often called a "gradient Brownian SDE" . 
Moreover the LW connection given by equation (3.6) is the Levi-Civita connection 
, (by the classical construction of the latter), see [27]. Since the adjoint of the Lev- 
Civita connection is itself, Theorem 3.3.1, shows that our connection induced on 
GLM by the derivative flow of a gradient Brownian system is also the Levi-Civita 
connection. Almost by definition, 

(V„X p ,u>) R m = (a.(v,w),e p )- R ™ (3.9) 

where a : TM x TM — > R m is the second fundamental form of the immersion 
with 

V v X(e) = A(v, n x e) v E T X M, x G M, e G R m (3.10) 

for n x : R m -> T X M L the projection and A : TM © TM L -> TM the shape 
operator given by 

(A(v,e),w) R m = (a(v,w),e p ) R m. 
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Here TM 1 - refers to the normal bundle of M and T^-M 1 - to the normal space at x 
to M, though we are considering its elements as being in the ambient space R m . 
Thus the vertical operator in the decomposition of the generator of the derivative 
flow on GLM for gradient flows is given by Theorem 3.3.1 with 

m—n 

a(u) = - « _1 A(u- P) <g> u^Aiu-, P) 

3=1 

1 m—n 1 

= "J E A ( A («- '0 - 2« _1 ^ c# (^-) 

at a frame m over a point x. Here Z 1 , l m ~ n denotes an orthonormal base for 

T X M L 

For the standard embedding of S n in R n+1 we have 

&(u, v) = (u, v)x 

for u,v E T x S n . Also the Ricci curvature is given by Ric*(v) — (n — l)v for all 
v G TM. Thus for the standard gradient SDE on S n , at any frame u we have 

a(u) = -Id® Id (3.11) 
P(u) = -^n Id. (3.12) 

3.4 Associated Vector Bundles & Generalised Weitzenbock 
Formulae 

As before let n : P — > M be a smooth principal G-bundle and p : G — > L(V; V) 
a C°° representation of G on some separable Banach space V. There is then the 
(possibly weakly) associated vector bundle ir p : F — > M where F = P x V/ ~ 
for the equivalence relation given by (m, e) ~ (wg, p(g~ 1 )e) for u E P, e £ V, 
g E G. If [(u, e)] G F denotes the equivalence class of (u, e) we can identify any 
u G P with a linear isomorphism 

u : V -> F ff(tt) 



by 



u(e) = [(u,e)]. 



(3.13) 
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Consider the set of smooth maps from P to V, equivariant by p: 

M p (P; V) = {smooth Z : P -> V, Z{ug) = p{g)- 1 Z{u), ueP,geG}. 

There is the standard bijective correspondence # p between M P (P, V) and T(F), 
the space of smooth sections of F defined by 

r{Z){x) = u[Z(u)], u E ir-\x), Z E M P {P- V). 

Via this map, an equivariant diffusion generator B on P induces a differential 
operator B p = $ P {B) on r(F), of order at most 2, by 

r(B)(r(z)) = r[B(z)\, z e m p (p ; v). o.h) 

Here B has been extended trivially to act on V-valued functions. Note that the 
definition makes sense since, 

B(Z)(ug) = B{Zo R g ) ( u ) = B (p{g)- x Z) (u) = M^B^u). 

For such a representation p let 

p,:g^C(V;V) 

be the induced representation of the Lie algebra q (the derivative of p at the iden- 
tity). 

Theorem 3.4.1 When B is a vertical equivariant diffusion generator the induced 
operator on sections of any associated vector bundle is a zero order operator. With 
the notation of Theorem 3.2.1, the zero order operator in T(F) induced by i3 is 
represented by \p : P -> C(V; V) for 

\ p {u) = p*{(3{u)) + Compo(p, ® p»)(a(u)), iieP (3.15) 

for Comp : C(V; V) ® £{V; V) -»• V) the composition map AS. 

Proof. The operator i3 p is a zero order operator if J rp (B)(S)(x ) = J rp (B)(S') 
whenever two sections S and S' of F agree at xo. This holds if B(fZ) = fB(Z) 
for any invariant function / : P — > i? and V-valued function Z on P. But this 
holds by Remark 1.4.5. 

For the representation (3.15), suppose Z : P — > V is equivariant: 

Z( M o^=p(^)- 1 Z( M ), 9 GG. 
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Then 



d_ 

It 
d 

It 



- t p(e~^)Z(u)\ 
p*(Aj)Z(u). 



Z(u-e A ^))\ t=0 



t=o 



Iterating we have 



B(Z)(u) = J2^(u)pMj)P*(A)Z(u) + J2MAk)Z(u) 



proving (3.15). 



□ 



From this theorem we easily have the following estimate, which combined 
with the discussions below, when applied to the associated bundle AF to the or- 
thonormal bundle, shows that the Weitzenbock curvature is positive if the curva- 
ture is. 

Corollary 3.4.2 If p is an orthogonal representation, i.e. (p*(a))* = — p*(a) for 
all a e Q, then X p (v, v) ^ for all v e V. 

Proof. Write a = J2 k PkA k <8> A k where {A k } is as in Remark 3.2.2(c). Then for 

v e F, 



since p k < 0. The result follows from (3.15) since p*(/3(u)) is skew symmetric. 



The situation of Corollary 3.4.2 arises when considering the derivative flow 
for an SDE on a Riemannian manifold whose flow consists of isometries ; for 
example canonical SDE's on symmetric spaces as in [27]. 

Quantitative estimates can be obtained by some representation theory. For 
example suppose G = 0(n) with p the standard representation on R™. Consider 
the representation A k p on A fc R™. 

We use the following conventions, as in [27]. Let V be an N dimensional real 
inner product space. For 1 ^ % ^ n, 



(Compo^* ® p„)(a(u))(v),v) = Pk[p*A k ] 2 (v), v) 
-^Vk(p*(A k )(v),p*(A k )(v)) ^ 0, 



□ 



1 

ai A • • • A a n = — 
n\ 



3.4. ASSOCIATED VECTOR BUNDLES & GENERALISED WEITZENB OCR FORMULAE 49 



9 

i v {ui A • • • A u q ) — '^2(-l) j+1 (v,u j )u 1 A • • • A Uj A • • • A u q (3.16) 

3=1 

(<8)Oi, <8>bi) = n\Tli{ai,bi), and (Aa i: Aft*) = det((a;, fy)). Let AV stand for the 
exterior algebra of V and a* the "creation operator"on AV given by a*v = Cj A v 
for (ei, . . . , ejv) an orthonormal basis for AV. Let a,j be its adjoint, the "annihila- 
tion operator" given by aj = i e . Note the commutation law: 

a^a* + a*ai = (3.17) 

For linear forms we have the corresponding operators: (a j )*(f)(v) = 4>(djv) 
and (a j 4>)(v) = <p{a*v). In particular a j (f>(v) = <f>(ej A v) and (a j )*(f)(v) = e* A <p. 

If A : V — > V is a linear map on V, there are the operators A A and (dA) (A) 
on AV, which restricted to A P V are: 

p 

(dA)(A) (ui A • • • A Up) — A • • • A A A A • • • A u p , 

l 

and also 

(AA)(ui A • • • A Up) = Aux A • • • A Au p . 
Note that since is symmetric, (p* ® p*)a(u) :V ®V ®V has 

(p*® pjaiujiv 1 Av 2 ) = ^a ij (u)p*(Ai)® p^Aj)^ 1 Av 2 ) (3.18) 

= ^a ij '(«)VAV' ( 3 - 19 ) 
and so (p* ® p ! „)a(u) restricts to a map of A 2 V to itself. 

Corollary 3.4.3 Take the Hilbert-Schmidt inner product on so(n) and let ^ 
Pi(x) < • • • ^ M x )±n(n-i) be the eigenvalues of a on the fibre p" 1 (x), x e M, 
as described in Remark 3.2.2(c). Then for all V e A fc R™, 

-ifc(n - fc)/^i n ( n _i)(^) < (A Afc H\/, V) < -ifc(n - fe)^(x). 

/Voo/ Following Humphreys [38], §6.2, consider the bilinear form /5 on so(n) 
given by 

^,5) = trace ((dA k )(A), (dA k )(B)^ = ( " ."^ _ trace(A/j) 
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by a short calculation using elementary matrices. By Remark 3.2.2(c) since our 
inner product on so(n) is ad(0(n))-invariant we can write 

in(n-l) 

1=1 

with x = p(u) and {Ai(u)}i an orthonormal base for so(n) at each u e P. 
For each u E P, set 

.,. > (fc-l)!(n-fc-l)! , , N 

to ensure /3(A' z (-u), A,(-u)) = 5^ for each -u. 
Then 

(Compo(pf ®p? )(a(u)V,v) = Y,^){^ k )Mu) o (dA k )Mu)V,V 



where 

c M = (rfA fe )^( M ) o (rfA fe )A;(M), 

the Casimir element of our representation dA k of so(n). Since the representation 
is irreducible, (for example see [10] Theorem 15.1 page 278), 
this element is a scalar, and we have, see Humphreys [38] 

dimsofn) 1 n(n — 1) . . . (n — k + 1) 

c A k — -, r^— = ~n (n — 1)/ — . 

A dimA fc R n 2 y " k\ 

ThusA Afc (w) ^ —\k(n — k)pi. The lower bound follows in the same way. □ 

When B has an equivariant Hormander form representation the zero order op- 
erator J rp (V) can be given in a simple way by (3.20) below. This was noted for 
the classical Weitzenbock curvature terms using derivative flows in El worthy [23]. 

Proposition 3.4.4 Suppose B lies over a cohesive operator A and has a smooth 
Hormander form: B — \ ^ CyiCyi + Pk^Y with the vector fields Y j , j = 
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1, . . . , m, being G-invariant. Let (rf t ) be the flow of YK For a representation p 
of G with associated vector bundle n p : F —± M the zero order operator J rp (B v ) 
corresponding to the vertical component of B is given by 



1 r\2 p) 

J"(B v )(x ) = - ^'(«o) ° (^o)" 1 + -r f V>o) o (no)- 1 (3.20) 

2 * — ' at z t=o at t=o 

for any w G 7r _1 (:ro)- 

Proof. Setu J t = rj J t (u ) G Pando-(t) = n(u 3 t ) sou J t e £(V; F a ( t )). From Remark 
3.2.2(b) 

1 m 



and so 



(p* <S> p*)a(w ) 



wo) — u t 



t=0 



t=0 



as in the proof of Theorem 3.3.1. 
Also from equation (3.4) 



J'=l 

Let (//t) denotes parallel translation in F along a. Then 



^H^"(-))(«o) = ^p*^(V j 'k')) 

((//rVrv/r 1 



~~dt 



t=o 
D- 



u; 



t=o 



dt"* 

-i D ~ 
ou -u t 



t=0 



t=0 



t=0 



leading to the required result via Theorem 3.4.1. 



□ 
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To examine particular examples we will need to have detailed information 
about the zero order operators determined by a vertical diffusion generator. For 
this suppose B is vertical and given by 



for a : P — > g ® g and (3 : P — > g as in Theorem 3.2.1 and (3.2). 

Motivated by the Weitzenbock formula for the Hodge-Kodaira Laplacian on 
differential forms, see Corollary 3.4.8 below, [64], [15], we shall examine in more 
detail the case of the exterior power Ap : G — > L(AV; AV) of a fixed represen- 
tation p showing that \ Ap has expressions in terms of annihilation and creation 
operators which are structurally the same as these of the Weitzenbock curvature 
(which are shown to be a special case in Corollary 3.4.8). 

Lemma 3.4.5 If B is a vertical operator on P and (e i: i = 1, 2, . . . , N) is an 
orthonormal basis of V, the zero order operator on the associated bundle AF — > 
M is represented by \ Ap : P -> L(A P V; A P V) with 




(((p* <8> p*)a(w)) (e, ® e/), ® e k ) a*aja* k ai 



i,j,k,l=l 



N 




Proof. Recall that if A e L(V; V) then 



N 




(3.21) 



e.g. see Cycon-Froese-Kirsch-Simon [15]. Consequently 



N 




(3.22) 



On the other hand by Theorem 3.2.1 and (3.2), we can represent a as: 




n,m 



3.4. ASSOCIATED VECTOR BUNDLES & GENERALISED WEITZENB OCR FORMULAE 53 



where {Ai}f =1 is a basis of q. So 

Compo(Ap* <g) A/O*)(o;(u)) 
= Comp o ^ a n,m(u) dh(p*A m ) <g> dA(p*A n ) 

= a ntm {u)dK(p*A m ) o cM.(p*A n ) 

AT 

= ^an,m(w) ^ {p*A m e h e^(p*A n e h e^a*aja* k ai 

m,n i,j,k,l=l 
1 " 

= 2 a «^( M ) ^2 ((P* A m®P*A n )(e j ®ei),e i ®e k )a*a j a* k ai 

m,n i,j,k,l=l 
1 N 

= ^ ^ ®P*) a ( M )( e i ® e «)> e i ® e k ) a*aja* k a h 

i,j,k,l=l 

since our convention for the inner product on tensor products gives 

(ui ®vi,u 2 ®v 2 ) = 2(ui,u 2 )(vi,v 2 ). 
The desired conclusion follows. □ 

Theorem 3.4.6 Let R(u) : A 2 V — > A 2 V be the restriction of (p* ® p*)a(u) : 
V (g) y -> y (g) V, then 

A Ap (w) - - ^ (R(u)(ej A ej), A e fc ) a*a£ a j a i 

i<k,j<l 

1 " 

+- ^ ((p* p*)a(u)(ej ® e;), e^) a* a; + (p*(3(u)ej, ej) (ai)*aj. 
This can be rewritten as: 

\ a p(u) = - (R(u)(ej A ej), A e fc ) a*afca i a ; +irfA(Z p (M))+(iA(p ;(t/ 3(M)). 

i<kj<l 

(3.23) 

where e L(V ; V) is defined by 



AT 

/ (V l9l/i.1U/i/.n/p.-(9ni,l iinfflpA 



(Z p (ui),u 2 ) = X] ((P* ® P*)(«( M ))( e i ® ^2 e,) 
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Proof. This follows from Lemma 3.4.5 since 

1 N 

- ^2 ((P*® P*)a(u)(e j ®e l ),e i ®e k )a*a j a* k a l 

i,j,k,l=l 
1 N 

= —z {{p*® P*) a { u )i e j® e i), e i® e k) <4 a l a j a i 

i,j,k,l=l 
1 N 

+ 2 ((P* ® P*) a ( u )( e j ® e i)> e i® e j) a *i a i 

N 

= - ^ (R(u)(ej A ej), ej A e fc ) a-a^a* 

j<l;i<k 
1 " 

□ 

Remark 3.4.7 (a) Note that the second term in (3.23) in general depends on 
the symmetric part of (p* <g> p # )(ct(u)) as well as on R. 

(b) If we write 

a ( u ) = ^2^k(u)A k (u) <g> A k (u) 
as in Remark 3.2.2(c), Then Z p (u) in (3.23) has 

Z p {u) = 2Y,Pk{u) (p*(A k (u))p*(A k (u)f). 
k 

Corollary 3.4.8 For the derivative process in GLM of a cohesive generator A 
given in Hormander form without a drift, the zero order operator induced by the 
vertical diffusion on the exterior bundles ATM is the generalized Weitzenbock 
curvature given by: 

-^A 9 (Ric # )(F) - Yl Rikji<^kaiV (3.24) 

for all V e A q TM. Here R ikjl = (R( ei , e k )e h ej) , 1 ^ i, k ^ n, 1 ^ j, I ^ p for 
R the curvature tensor of the associated connection. 
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Proof. By Theorem 3.3.1, 

a(u) = \Y. (« _1 V u( -)X p ) ® ( M - 1 V u( _ ) X p ) , u e GLM. 

By Corollary C.5 in [27] the restriction of a to anti- symmetric tensors is \TZ. 
By the relation between the curvature tensor and the curvature oeprator: 

(1Z(u A v), w A z) = (R(u, v)z, w), 

the first term in \ p (u) of Lemma 3.4.5 is: 

N 

-2 ^2 (R-(u)(ej A e t ), e; A e k ) a*a* k ajai 

i<k,j<l 

By (ii) of Remark 3.4.7, the second term is 

1 ( m 

\p=i 

The required result follows since 

= ( v v. ( -,^^) - (Ric # «(-)) • 

P =i 

□ 



-2 ^ Rji ki a*a* k ajai. 

i<k,j<l 



Corollary 3.4.8 reflects the results in [27], Theorem 2.4.2, concerning Weitzenbock 
formula for Hormander form operators on differential forms. In particular it gives 
another approach to the result that when V is the Levi-Civita connection, as holds 
for gradient stochastic differential equations, the generator induced on differential 
forms by the derivative process is the Hodge-Kodaira Laplacian up to a first order 
term. 

Note that if B is the operator on GLM determined by the Hormander form 
(3.5) of A then for a representation p : GL(M) — > C(V; V) with associated 
n p : GL(n) — > C(V; V) the induced operator T P {B) on sections of n p is also 
given by the 'Hormander form' \^jCxiCxi + Ca, where for any C 1 vector 
field Y on M and any C 1 section U of tt p the Lie derivative C Y U G TF is given 

by 

(C Y U)(x) = u|(T^l)"V(ifc y (x)) 



t=0 
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for x £ M, u a frame at x, and (rjj) the flow of Y, using the notation of (3.13). 
Indeed by (3.13), for Z{u) = uU(n(u)), so U = T P {Z), 



j 



while C {X3) gl(Z)(u) = f t Z(Trjf J ou) q so that 



£ (XJ)G ,(Z)] (x) = Vj t Z(T V f ou) _ = C xj (U)(x). 



t=o 

This representation of T p {JS) was noted in the case of the operator induced on 
differential forms by a stochastic flow indexflowlon differential forms in [27], and 
for the case of the Hodge-Kodaira Laplacian in Elworthy [23]. 

Example 3.4.9 Let P be the orthonormal frame bundle for a Riemannian metric 
on M. Let C : R™ — > R n be a symmetric map, define 



a 



= y^trace(C(A-),^j-)A <8> 



where {Aj = y^ej A e-,} is an orthonormal basis of so(n). Then 

Comp oa = —- (trace C) id + - (2 — n) C. 

Let Ric* : TM — > TM be the Ricci curvature (for the Levi-Civita connection, 
say). When applied to C{u) = u Ric*^^ -1 — ) for u e P with Ric positive, we 
see it defines a vertical operator on the orthonormal frame bundle with coefficients 
a as given above, f3 — 0. Its associated zero order term on vertical fields is then 
|(2 — n) Ric* (u) — \k, where A; is the scalar curvature. 



r(u) 

Proof. First observe that 



a 



Then we use the elementary fact about elementary matrices {E^}: 

EijCEtfji = Cji/Eiji 

and take the basis of gtobe {v^ejAej, « < j}. Recall that e^Aej = l/2(Eij—Eji). 

□ 
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Remark 3.4.10 We have seen in Corollary 3.4.8 that there is zero order operator 
on the associated bundle AF — > M represented by the Weitzenbock curvature of 
a given connection. On the other hand given a curvature operator 1Z of a metric 
connection, or more generally an operator which has the same symmetry proper- 
ties as a curvature tensor, is there a canonical vertical diffusion operator on GLM 
which induces zero order operators on differential forms which have the form of 
the Weitzenbock curvatures of R? A vertical operator with such a zero order term 
always exist since we can take 1Z in a diagonal form: 

N 

K{u) = A»(«) A A n (u), (3.25) 

71=1 

for some A n : GLM — ► gl(n) which are ad(G)-invariant, e.g. by taking an 
isometric embedding (e.g. see [27]. In this case let (e j ) be a basis of E^ u ) define 

= -|Eti(^(«)) 2 -|E^ii2(-e'V, ( j 

see Remark 3.4.7(b). Then a is positive and we can define an operator with its 
coefficients a and (3 given as above. 

For a discussion of the representation of 1Z in the form of (3.25) see Kobayashi- 
Nomizu [41] (Notes 17 and 18). In particular there is a discussion there of the 
number N required and of a rigidity theorem originating from Chern, See also 
Berger-Bryant-Griffiths [8]. 

When M is Riemannian with positive semi-definite curvature operator 1Z : 
A 2 TM — > A 2 TM there is a canonical construction. For this take the orthonormal 
frame bundle n : OM — > M, with G = 0(n). We will use the isomorphism 
of A 2 R" with so(n) under which e p A e q corresponds to |(-E , [ Pl9 ] — E[q, P ]) f° r 
ei, . . . , e n a fixed basis of 7£. n and E'b^i the elementary matrix so E^Av) = v q e p . 
Set A[p j? ] = — so : 1 ^ p < q ^ n} forms an orthonormal 

basis forso(n). Define 

a : OM — > so(n) x so(n) 

by 

«(«)= ^ (7e(A 2 H(e p Ae (? )),A 2 (M)(e p ,Ae (? 0)) 
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Our representation p is just the identity map and, by (3.19) and Bianchi's identity, 
the restriction of a(u) : R n <g> R n -> R n <g> R n to A 2 R n is just K itself. In the 
notation of (3.23) we see 

(Z'iv 1 )^ 2 ) = -ARic(v\v 2 ). 
If we take f3 — 0, we obtain from (3.23) that 

\ AP (u) = - Rjiika*a* k a jai - 2 (dA)Ric # . 

i<k,j<l 

To get the full Weitzenbock term, extend a over GLM by equivariance and define 

P(u), for u e GLM, by (3(u) = ^Ric*^-) as in (3.26). 



Chapter 4 

Projectible Diffusion Processes 



Let M + be the Alexandrov one point compactification of a smooth manifold M. 
Consider the space C yo M + of processes (y t ) with life time ( on N + such that 
t — > y t is continuous with y t = A when t ^ (. Let £ be a diffusion operator on 
M and let {P OT ,?/o £ M + } be the family of ^-diffusion measures in the sense 
of [39], i.e. the solution to the martingale problem on C(M + ) so the canonical 
process (y t , ^ t < C) with the system of diffusion measures {P^ o ,y e iV + } 
is a strong Markov process on M + . Denote by E mathematical expectation with 
respect to the measure P yo . We may add to these notations the relevant subscripts 
or superscripts indicating the diffusion operator or the Markov process concerned, 
e.g. {PyJ, ( c , E £ > w or even E w . 

For y G M and / e C C °°M, the space of smooth functions on M with compact 
support, let 



Then (Mf : ^ t < oo) is a martingale on the probability space (C(M), Py ) 
with respect to the {J 7 ? }, where jFf = cr{y s ; < s ^ t}. Moreover it has 
bracket 



This definition extends to the case of C 2 functions / but then Mf is only defined 
for ^ t < ( c and is a local martingale. 




(4.1) 
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4.1 Integration of predictable processes 

Proposition 4.1.1 Let r be a stopping time with r < ( and let {a t : ^ t < t} 
be a Tf predictable process in T*M such that a t G T* t M for each i G [0, r), and 
for each compact subset of M we have 

XK(y s )a s (a c a s ) ds < oo 

almost surely. 

Then there is a unique local martingale {M t Q : < t < t} such that for all 

feC?M, 

(M a , M#) t = 2 /V (a s , (df) Vs ) ds, t < (. (4.2) 
Proof. We can write 

m 

a t = Y,3l-df)(yt)i (4.3) 

3=1 

where the functions g j are predictable real valued processes, e.g. by taking (fx, ... , f m ) : 
M -> R m to be an embedding and g{ = a t o for X(x) = ^™ 1 X i (x)e i the 
projection from R m to T X M. Using a partition of unity, at the cost of having an 
infinite, but locally finite sum, we can assume that the ft in the representation are 
all in C C °°M. Define 




(4.4) 



Clearly (4.2) holds. For uniqueness suppose K is a local martingale orthogonal to 
M df for all / G C^M. 

Then K vanishes since the martingale problem for C is well posed by an argu- 
ment attributed to Dellacherie (see Rogers-Williams [63], the end of the proof of 
theorem 2.5.1). In fact it it were not zero we could take a suitable stopping time r 
to ensure (1 + K^ M )P^ Q solves the martingale problem up to time t since 

K° TM M? = K° TM (f(x.) - f(x ) - J* Cf(x s )ds^J , O^s^t 



is a uniformly integrable martingale. 



□ 
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We will often write ^ 

M t a = [ a s d{y s } (4.5) 
Jo 

bringing out the fact it is the martingale part of the Stratonovitch integral J Q l a s o 
dy s of (a t ) along the diffusion process (y t ) when that integral is defined e.g. when 
(ct t ) is a continuous semi-martingale. Indeed 

Lemma 4.1.2 Let a be a C 2 1-form then 

M? = [ a ys o dy s - [ (5 c a) (y s )ds, 0^t<(. (4.6) 
Jo Jo 

Proof. This is clear for an exact 1-form. Suppose A : M — >■ R is C 2 and a is 
exact, then for t < (, 

M t Xa = J* X{y s )dMf = J* X(y s ) o dM: - 1 ^ jf dX(y s )dy s , M.^ 

= J* X(y s ) a ys o dy s - J* X(y s ) {5 c a) (y s )ds - \{M d \ M a ) t 

HVs) ol Vs ody s - I 5 c (Xa)(y s )ds 
Jo 

since M dX is the martingale part of X(y s ) and 

(M d \M a ) t = 2 f a c (dX s ,a s )ds. 
Jo 

This proves the result for general a by taking a suitable representation. □ 

Let S x be the image of <j£ in T X M and let S := U X S X . By a predictable 5*- 
valued process (a t ) over (y 4 : ^ t < () we mean a process (a t : < t) such 
that 

(i) a t G S; t for all < t < ( 

(ii) (a t o Oy V < i < C) is a predictable process in TM, canonically identified 
with T**M. 

Note that condition (ii) is equivalent to 
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(ii)' there exists a predictable (a t ) in T*M over (y t ) such that a t \ Syt = a t for all 

o ^ t < C- 

That (ii') implies (ii) is immediate. To see (ii) implies (ii') first note that a t o Oy t e 
S yt for each t since a t o = ay t (d t ) for any extension <S t of a t to T* t M. We 
can then choose a measurable selection d t in T* t M with <Jy t (d t ) = ott° &y t - This 
process a t will satisfy the requirements of (ii') since 

a t <Ty t = <Ty t a t = a t (Jy t . (4.7) 

In fact (4.7) is a reflection of the fact that <jy extends to a linear isomorphism 
<7y : S* — > 5^ canonically. In particular o-y t (a t ) is well defined. 

Definition 4.1.3 If satisfies (i) and (ii) we will say it is in L 2 C if 

a s (jy s (a s )ds < oo 
for all t ^ 0, and will say it is in L 2 c loc if for any compact subset K of M 

/•tAC 

E / x^(y s )tt s (o- £ « s ) < oo 

for all t ^ 0. 

Remark 4.1.4 Suppose the processes associated to diffusion operators C and £ + 
L fe are both non-explosive, where b is a locally bounded measurable vector field on 
M. Assume that there exists a T*M- valued process b* defined on the canonical 
probabilty space C yo M such that P £ -almost surely: 

1. 2a c (b*) = b(y s ) 

2- Slb#a^b*)ds <oo 

Then, by the GMCM-theorem, as in the Appendix section 9.1, we have on C([0, T]; M), 

p£+Lj, _ ^p^ 

where Z t = exp{M t 6# — J Q * bfa c (bf )ds}. In an obvious notation, for suitable a, 
as canonical processes we have, almost surely, 

a s d{y s } c = / a s d{y s } c+Lb - / a(b(u s ))ds. 
Jo Jo 
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Lemma 4.1.5 Suppose a c has image in a subset S of TM. Then (M t a ) depends 
only on the restriction of a s in C(T ys M; H) to S Vs , ^ s < (. In particular (4.2) 
defines uniquely a local martingale for each predictable S^-valued process (a t ) 
over (yt)for which the right hand side of (4.2) is always finite almost surely. 

Proof. For T*M-valued Tf* predictable processes (a], ^ t < () and (cuf , ^ 
t < C) over (y t ,0 ^ t < () which agree on 5 we see 

/•tAC 

./o 

for all / G C™M. Therefore M" 1 = M* 2 . On the other hand this also shows 
that if a s G S* 3 for all s, we can use condition (ii)' above to choose a predictable 
process {a s : < s < (} with values in T*M over (y t ) and set M a = M a 
without ambiguity. □ 

Example 4.1.6 Canonical Brownian motion associated to a cohesive diffusion. 
For simplicity assume that our ^-diffusion from a given point y is non-explosive. 
If C is cohesive with sub-bundle E of TM, take a metric connection V for E, using 
the metric determined by 2a c . Let 

<*M ■■= U/T 1 Ea(s) ^ E yo 

be the inverse of parallel translation, jj a s , along a from ^(o) to E a ^, for P yo 
almost all paths a in M. Each component of this with respect to an orthonormal 
basis for E yo clearly lies in L\. With the obvious extension of our notation to the 
vector space valued case define an -valued process B t : t > by 

Bt = M? = fu/r l d{y s }. 

Jo 

It is easy to check from its quadratic variation that it is a Brownian motion on the 
inner product space E yo . Moreover (as described in [27]) it has the same filtration 
as the canonical process on C yo M up to sets of measure zero. It is the martingale 
part of the stochastic anti-development J *(// S ) _1 (i?/ S of our ^-diffusion from y . 
The use of a different metric connection would change it by a random rotation, so 
this process is defined on the canonical probability space {C W M, T m , P^ } and 
up to such rotations depends only on it. We have, for a as usual: 

t rt 

a s d{y s } = / (a s o// s )dB s . (4.8) 
Jo 
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Using the definitions in the Appendix 9.3 we see that if our diffusion process y. is 
a T-martingale then 



Note that there is always some metric connection r on E for which a cohesive 
diffusion process is a T-martingale, by section 2.1 of [27]. 



We can characterise horizontally of a diffusion operator or process in terms of 
filtrations using the following lemma: 

Lemma 4.2.1 Suppose p : iV — > M is a smooth map, i3 a smooth diffusion 
operator over a smooth diffusion operator .A, and also 

(i) a A and a B have constant rank and 

(ii) the filtration generated by u. and p(u.) agree up to sets of P^ () -measure zero 
for some u E iV. 

Then rank erf = ranker! all u E N. 

Proof. Set p = rank cr^f and p = rank er^. By assumption p and p do not depend 
on x E M and u E N . Take connections on Image a B and Image a A which are 
metric for the metrics induced by the symbols. Extend these connections to TN 
and TM. The martingale part of the stochastic anti-development of (u.) will be a 
Brownian motion stopped at ( B of dimension p and that of (p(u.)) will be one of 
dimension p. By (ii) these have the same filtration up to sets of measure zero. But 
this implies p = p by the martingale representation theorem, as required. □ 

Proposition 4.2.2 The following are equivalent for B over A when A is cohesive: 



(b) B is cohesive and the filtration generated by its associated diffusion (u.) 
agrees with that of p(u.) up to sets of P^ () -measure zero for given u in N. 

Proof. If (b) holds, Lemma 4.2.1 shows that Image [a®\ = H u for each u E N, 
since by (2.4) we always have H u C Image [af]. Thus (b) implies criterion (ii) of 
Proposition 2.3.2. Also (b) follows from (iii) of Proposition 2.3.2 by considering 
the stochastic differential equation driven by horizontal lifts X°, . . . , X m . □ 




(4.9) 



4.2 Horizontality and filtrations 



(a) B = A 
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4.3 The Filtering Equation 



Let p : N — > M be a smooth surjective map. Suppose that B is over A. However 
we do not assume a A of constant rank. Let {Pf } and {P^ } be, respectively, the 
solutions to the martingale problem for B and A on the canonical spaces C(M + ) 
and C(N + ). Denote by (u t ) and (x t ) the corresponding canonical processes with 
life time ( N and ( M respectively. Note that ( B ^ C A °P almost surely with respect 
to o . We shall assume that the paths of the diffusion on N do not explode before 
their projections on M do, more precisely ( M op = ( N almost surely with respect 
to P^ o for each u , equivalently, 

• Assumption S. 

d ( M + := {a : [0, oo) -> M+ : lmi = A when ( B < oo} 

t 

has full measure for each u E N. 
Denote by the following the filtrations induced by the processes indicated: 

= a{u s , ^ s ^ t), = a(y s , ^ s < oo) 

Jf> = a (x s , ^ s < t)> T xo = a{x s , ^ s < oo) 
;Ff (uo) = a(p(u s ), O^s^t), F x ° = a(p(u s ), ^ s < oo). 

Proposition 4.3.1 Under Assumption S, p*(P« ) = Pp( uo ) and Pf{j ° p) = 
P t A (fo p) for all / G C c °° (M) . 

Proo/ If p(w ) = x , f e Ck(M), we only need to show that M^'" 4 is a martin- 
gale with respect to p*(P® Q ). Using Assumption S, 



is a martingale with respect to and P^ Q . Take s ^ t and let G be a JFJ 

measurable function. Then 




j^j-d(fop),t3 
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and the result follows from the uniqueness of the martingale problem. □ 

We will need the following elementary lemma: 

Lemma 4.3.2 Let J 7 , T t , P} be a filtered probability space and a sub- 
filtration of with the property that for all s ^ 0, 

E{A\g s } = E{E{A\J 7 s }\g}, VAeJ 7 , (4.10) 

where Q = \Z S G S . Then 

(i) (E{M t \g},t ^ 0) is a & -martingale whenever (M t : t ^ 0) is an T*- 

martingale; 

(ii) For all ^-measurable and integrable H 

E{H\F a } = E{H\g s }; 

(iii) E{E{A\F S }\Q} = E{E{A\g}\f s }, \/A e T. 

Proof. For (i) set N t = E{M t \g}, < t < oo. By (4.10), (N t ) is Q t measur- 
able. For s ^ t suppose that / is -measurable and bounded. Then E(N t f) = 
E(MJ) = E(MJ) = E(N s f). For (ii), let H and F be bounded measurable 
functions with ^-measurable and .^-measurable representations. Then 

E{H\F) = E{H\E{F\g}} = E{H\E{F\g s }} = E{H\E{F\g}} 

using (4.10). Thus E{H\ J" s } = E{H\g s } as required. Part (iii) follows from (ii) 
on taking H = E{E{A\g} and using equation (4.3.2). □ 

Part (ii) of the following proposition says that the filtration .F* ^ is immersed in 
the filtration JF"° in the terminology of Tsirelson [71]. 

Proposition 4.3.3 (i) For fixed t > let / be a bounded JF"° -measurable func- 
tion. Then 

E |J|JTP(«0)| =E |^(«0)|_ 

(ii) All martingales are J 7 ™ martingales. In fact if / = G o p for G an 

integrable functional on C(M + ) with respect to P- 4 , we have 

E Uo {/|jFf (uo) } = E U0 {/|^ }. 
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Proof, (i) Write / = F{u s : ^ s ^ t) for F a bounded measurable function 
on C(N + ). Let G be bounded measurable functions of {p(u s ) : ^ s ^ i} and 
g 1 , . . . ,g k bounded Borel functions on M, with h 1 , . . . ,h k positive real numbers. 
By the Markov property of u. and of p(u), 

E (F(u s :0^s^t) Gg 1 o p(u t+h i) g k o p(it t+fc i + ... +ftfc )) 

= E (F(u s :0^s^t)G Pfi (g'P^g 2 . . . P&g k )) (p(u t ))) . 

Therefore, 

E {F(u s : «C s ^ t)\F p{u) ) = E {f(u s : < s ^ t)\Ff u) } 
as required. 

Part (ii) is immediate from (i) by Lemma 4.3.2. □ 

As in §2.1 set E x = Image a^f with h u : E p ^ — > T u iV the horizontal lift 
defined by (2.4), although now we have no constant rank assumption and so no 
smoothness of f). Also let E® = Image <r^. For an J 7 * -predictable E* -valued 
process fa := fa(cr.), ^ t < ( A along (<j t : ^ t < ( A ) let (p*(<f> t ) : 
< t < C B ) be the pull back restricted to be an (E B )*-valued process along 
(u t : ^ t < C B ) defined by 

p*(<f> t )(u.) = fa(p(u)) o T ut p : E B Ut - R. 

Since fa has a predictable extension fa so does p*(fa) and so the latter is pre- 
dictable. Moreover p* (fa) a B (p* fa) = faa A (fa) by Lemma 2.1.1 showing 0. is in 
if and only if p*(4> ) is in L|. For such we have the following intertwining: 

Proposition 4.3.4 Let be a predictable L^-valued process. 

(1) For P B Q almost surely all sample paths, M t A0 o p = M B ' p * {(p) for t < ( B . 

(2) If a e L% with a t o h t = almost surely, then (M t Q , Aff oTp ) = and 
E s,uo | M a | jtp(«o) } = o for all C 1 functions / on M . 

Proof. For = d/, (1) follows from p*(df) u = d(f o p) u as in the proof of 
Proposition 4.3.1. For general 0, taking a predictable extension if necessary, write 
<M X ) = 9t( x -)(df j )x t f° r smooth functions f J : M — > R and real valued 
predictable : < t < C" 4 }- Therefore 

M^* op = £ / (p(„.)) dMr W) = Mf^ 
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for all t < ( B , giving (1). For (2) let F : N — > R be a smooth measurable 
function with respect to JF P<M °). Then F = f(p(u.)) for some measurable function 
/ : M - R. 

E s '"° (Mf /(p(«.))) = V^(M^Mf° Tp > = l -E B ™ J*a B (a s ,dfoTp(u s ))ds. 
If a t h Ut = almost surely for all t, we apply (2.4) to see 

cr B (a s , df o Tp(u a )) = a s crj (r*p(dffj = a s h Us af [Us) df = 

and thus E B > U °(M? f(p(u.))) = giving (2). □ 

For a e L% define & = E B ' u °{a s o h Us \p(u.) = x.},0 ^ s < ( to be the 
unique, up to equivalence, element of L\ such that 

E B < U » (a a o h Us G A {<t> s (p{u)))) = E A *^ (p.aAtts)) ■ (4.1 1) 

for any e L\. To see such an element exists and is unique recall that 

a s°Kaf {Us) = a s a® 3 (t Ua p)* 

which is an JF^° -predictable process with values in E p ( Ua ) C T p ( Us )M at each time 
s, and by Proposition 4.3.3, (4.1 1) is equivalent to 

A(p(«0)«&.) = ^ U0 {^l{T U3 pY\T^) (4.12) 

in the sense of Elworthy-LeJan-Li [27]. The predictable projection theorem and 
the results of [27] shows that there is a unique, up to indistinguishability, jF p(u •)- 
predictable TM versiob '■ ^ t < (} say, over {p(u t ) : ^ t < (}, of 
the right hand side of (4.12). By applying the uniqueness part of this projection 
theorem to {(f) s (-f s ) ■ ^ s < (} when 0. is J? (u-) -predictable, T*M- valued 
over p(u.) and <p t vanishes on E p ( ut ) for all < t < p with probability I, we see 
It e ^pK) for all ^ t < C almost surely. Now set (5 s {p{u.)) = [cr? (Us) ] _1 7s in 

P(«s)' 

Proposition 4.3.5 For any a. in L| we have 

JO 
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Proof. Set N t = E{M t a | and write N t (u) = N t (p(u)) for {N t } a J=f°- 

measurable function. By Proposition 4.3.3, (N t ) is an -martingale and we 
see (N t ) is an Tl martingale. Take g e C C °°M then by Proposition 4.3.4, 

(N, M A ' d9 ) t o p(u) = E B '"° |(M a , M d(sop) ) t |^f ( " o) } (u) 

= E^{<K,(T tttP )*(^))|^ (uo) } 

= E^{a t oh Ut aX)(dg)\^ {uo) } 

by equation (2.4). By Proposition 4.1.1 and the definition above of the conditional 
expectation, N t (p(u.)) = M A ^ for (3 o p(u.) = E B ' U ° {a t o h Ut | } and so 

N t (x.) = / E{a s o h Us \p(u.) = x.}d{x s } 
Jo 

as required. □ 



4.4 A family of Markovian kernels 

For a probability measure /i on N + let the measures on N + be the flow of u t 
under P^ o and set z/ t = p*(/x t ) on M + . Let ^ be the law of w. i— > u ) on 

C(M+) x iV+ under P* so ' 

i w (^r) = / P^(A)^(r)i/(dy), A g B(m + ), r e £(iv+) 

where p^ o arises from a disintegration of fi 

w>(r)=/ ^ (r>(dy), r e s(iv+). 

For a measurable / : iV + — > R, integrable with respect to fx t set 

nj«"f(v) = E^{f(u t )\p(u ) =a,u = v}. (4.13) 

It is defined for rj^ almost all (a, v) in C(M + ) x N + . In particular for P^-almost 
all a it is defined for -almost all v G N + . We could use the convention that 

< ha f(v) = 
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if p(v) 7^ cr(0). With this convention, if we define 9 t cr(s) = a(t + s) we see that 
for P^-almost all a the map y \— > n^ u9ta f(y) is defined for /z t -almost all ?/ in N + . 
Further for u E N and / : N + — > R bounded measurable define 

tt*/K) : C p{uo) M + -> R, 

Pp (uo) -almost surely, by 

7r t /(«o)(<7) = E{/( Wt )bK) = ^} = 7rf"°'7M- (4-14) 

This can be extended, as in [27], to the case of predictable process in vector bun- 
dles over N, and to define 

■K t (a o h u .)(u ) : C p(uo) M + -> R 

as E B,M °{a s /i Us |p(-u.) = x.}, defined above. 



4.5 The filtering equation 

Theorem 4.5.1 (1) If / is C 2 N, or more generally if / is C 2 with Bf and 
a B (df, df) o [) bounded, then 

n*/(uo) = /K) + / 7T s (i3/)(M )rfs+ / 7r s (d/o/i u .)(u )d{a; s }. (4.15) 

In particular {7^/(^0) : t ^ 0} is a continuous JF**-" * 1 semi-martingale. 

(2) For bounded measurable / : M + — > R and almost all a in C(M + ), for 
each s, t ^ 

S^f(v) = ^^^f(v) (4.16) 
for p^, - 1 almost all t> in iV + . 

(3) Moreover there exists a family of probability measures on C(N + ) 
define for r^-almost surely all (a, v) such that if F : C(iV + ) — > R is of the 
form 

F(u.) = AKJ . ..f n (u tn ) 
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some ^ ti < t 2 < . . . t n and bounded measurable fj : N + — > R, 
j — 1, 2, . . . , n then 

/ F(u)Q^(du) = 5^(/ 1 5^ ff (/ 2 ...5^^ 1 V»)(«) 

J«GC(Af+) V V 7 

= E®{F(«.)b(«0 = 0o} 

r] Ms -almost surely in (cr, v). 
Proof. (1). By definition of we have 

/(«*) = /(«o)+ f Bf{u s )ds + M? 
Jo 

so 

7r t /(«o) = f(u ) + ^ 7r s Bf(u )ds + E {Mf B I p(«.) = (4.17) 

and part (1) follows from Proposition 4.3.5. 

(2) . We observed above that the right hand side of (4.16) is well defined for 
P^ almost all a. The equation then follows from the Markov property. 

(3) . The existence of regular conditional probabilities in our situation implies 
the existence of the probabilities Q^ 0,CT as required, together with a standard use 
of the Markov property. □ 

Remark 4.5.2 A description of the Q,^ hCT is given in the next section, in the case 
where A is cohesive. 

Recall we have the decomposition F u = H u + VT U N for each u e N, and 
F = UF U . If £ G F* there is a corresponding decomposition 



" H + £ v G F*, 



where £ H vanishes on VT U N and £ v on H u . For £ G T*N write £ v = (£\F U ) V 
<md£ H = (£\F U ) H . 

Corollary 4.5.3 Suppose A is cohesive. If / is C\ N then there is the Stratonovitch 
equation 



n t f{uo)(x.) = f(u ) + / ir s (B v f)(u )ds + / ir s (df uo o h Uo ) o dx s 

Jo Jo 



(4.18) 
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Proof. We use (4.17). By Proposition 4.3.5, 

E{M?\p(u.) = x.} = E{Mf H \p(u.) = x.}. 

Note that 

Mf= !\df H ) Ua odu s - f 5 B {df H ){u s )ds 
Jo Jo 

by Lemma 4.1.2. Furthermore 

S B (df H ) = 5* v (df H ) + 5* H {df H ) = 5* H (df H ) = 5* H (df) = A H (f) 

since df H vanishes on vertical vectors and df = df H + df v while df v vanishes 
on horizontal vectors, so 8 A (df v ) = 0. This gives 

Ktf(u )(x.) = f(uo)+J Q n s (B v f)(u )(x.)ds+E |2 o du s I p(u.) = x.j 

Finally (4.18) follows since df^ = p*(dfoh u ) = df oh u oT u p and T u podut = odxt- 

□ 



4.6 Approximations 

Assume now that the law of u t under P^ o is given by 

P A (u , A) = J P A (u , v)dv, A G B(M) 

for pf(u , v) a smooth density with respect to some fixed, smooth, strictly positive 
measure on M to which 'dv' refers. This is the case if A is hypoelliptic. 
Consider the conditional probability 

qT'\V) = P B UQ {u t e V\p(u t ) =b}, Ve B(N) 

defined for pf(u , — ) almost sure all b in M. There is the disintegration of 

Pt («o, -) 

pf(u ,V)= [ qr b (V)p A (p(u ),db) 

JbeM 

and the formula 

^> b (V) = lim(p A (p(u ),b)}- 1 [ p?_ e (u ,dv)p A (p(v),b). 
e i° Jv 
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Take a nested sequence {IT'}^ of partitions of [0, t] 

u i = {o = t i < t[ < ■ ■ ■ < 4 = o, 

say, with union dense in [0, t}. For any continuous bounded / : N + — > R there is 
the following approximation scheme to complete n t f(u ): 

Proposition 4.6.1 

n t f(u )(a) = lim /^^i)^ 

= ton E B uo {f(u t ) | p^) = <7(tJ), 1 < J < fei}. 

Proof. The two versions of the right hand sides are equal before taking limits. For 

/ = 1,2,...,, set 

S l f(a) = E uo {f(u t ) | p(u t i) = (7(4), 1 < j < h}. 

It is defined for P^-almost all a in C(M + ), where x = p(wo)- Let Q l be the 
cr-algebra on C(M + ) generated by a i— > (<r(t i 1 ), . . . , <j(tj)). Directly from the 
definitions we see 

^/ = E{7r t (/)M|g'}, 

and so {S"/}~ 

x is an Q* -martingale, it is bounded and so converges -almost 
surely. Since V/Q z is the Borel cr-algebra the limit is n t f(uo) as required. □ 

4.7 Krylov-Veretennikov Expansion 

Suppose A = YlJLi LxjLxj + La for smooth vector fields {X 3 }™ =1 and A. We 
will now take {x t : < t < (} to be the solution to the stochastic differential 
equation 

dx t = X(x t ) o dB t + A(x t )dt, (4.19) 

with x given, for a Brownian motion B. on R m , rather than the canonical process. 
Here X(x) : R m -> T X M is the map given by 

m 

X(x)(a 1 ,...,a m ) =J2 ajxj ( x )i xeM. 
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Let {P t : t ^ 0} be the sub-Markovian semi-group generated by £>. Let / G 

C c °°iV. Assume P t / G C°°iV. 

As in the proof Theorem 4.5.1, from 

Pt-sfiUs) = Ptf(u ) + / d(P t - r f) Ur d{u r }, O^S^t 

Jo 



we obtain 



n s P t _ s (f)(u )(x.) = P t f(u ) + [ E {d(P t _ r /) Ur o h Ur | p(«.) = x.} d{x r } 

Jo 

= P t f(u ) + / E {d{P t _ r f) Ur o ^ | p(u.) = x.}X(x r )dB r 
Jo 

so that Tt s Pt- s f(u ), < s ^ t, is a continuous JF^° semi-martingale. Therefore 

7Tt/(«o) - Ptf{u ) = / d s (n s P t - s f(u s )) 

Jo 

E {d(P t _ r f) o | p( u .) = x.} X{x r )dB r 

= f S r [d(P t - r f) O O X fc ( P (-))] ( Mo )^ 

giving a 'Clark-Ocone' formula for n t f(u ). Iterating this procedure formally, 

7T t /(«o) = Ptf(u ) + [ S r [d(P t - r f) O h- O X ( P (-))} (u )dB r 

Jo 



I 



dBidB* 



+ / f\ s \dP r _ s [d{P t _ r f)oh_oX k {p{-))]h_oXi{p{-) 
Jo Jo L 

. . . , 

we obtain the Wiener chaos expansion of n t f(uo)(x.). 

4.8 Conditional Laws 

It will be convenient to extend the notation of section 4.3. For < I < r < oo 
let C(l, r; N + ) and C(l, r; M + ) be respectively the space of continuous paths u : 
[/, r] — ■> N + and x : [l,r] — > M + which remain at A from the time of explo- 
sion; and C U0 (l, r; N + ) and C Xo (l, r; M + ) the paths from u G N + and x G M+ 
respectively, Let {Pl^' 8 } and {P^'" 4 } be the associated diffusion measures. 
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The conditional law of {u s : I ^ s ^ r} given {p(u s ) : I ^ s ^ r} will 
be given by probability kernels a i— > Q^ r Uo defined p*^ 7 ");- 4 almost surely from 
Cp (uo )(Z, r; M+) to r; JV+) for each u G TV, where C£ (Z, r; JV+) is the sub- 
space of C UQ (l : r; N + ) whose paths satisfy Assumption S. The defining property 
is that for integrable / : C uo (l, r; N+) -> R 

E {/(«.) | p(u s ) = a s ,l^s^r}= [ f(y)dQ l £ uo (y). (4.20) 

JyeC UQ (l,r;N+) 

To obtain the conditional law take the decomposition B = A H +B V of Proposition 
2.3.5. Represent the diffusion corresponding to A by a stochastic differential 
equation 

dx' t = X(x' t ) o dB t + X°(x' t )dt. (4.21) 
Take a connection V y on VTN and let 

(V y ) dz* = V(z t )dW t + V°(zt)dt (4.22) 

be an Ito equation whose solutions are £> y -diffusions. Here (W t ) is the canonical 
Brownian motion on R m for some m, independent of (£>.), the map V : M x 
R m — > TM takes values in ker[Tp], and V and V° are locally Lipschitz. For such 
a representation of B v diffusions see the Appendix B. Let X : N x R m — > and 
X° : iV — > be the horizontal lifts of X and X° respectively using Proposition 
2.1.2. The solution to 

(V y ) dy t = X(y t )odB t + X (y t )dt + V(y t )dW t + V°(y t )dt, 
yi = u , u e N, I ^ t ^ r. 

has law P£ r),S Noting that X(u) = h u X(p(u)) for ueM, 

(V y ) dy t = h yt odx' t + V(y t )dW t + V°(y t )dt, (4.23) 
yi = u , l^t^r, 

where = p(t/t) so that (x' t ) is a solution to (4.21) starting from p(u ) at time 
I. Without changing the law of y. we can replace x' by the canonical process x.. 
Then 

Theorem 4.8.1 Consider the solution (y t ) as a process defined on the probability 

space Cp( Uo ) (I, r; M + ) x C R m with product measure, 

y : [Z,r] x C p{uo) (l,r;M + ) x C R m - iV + , 



76 



CHAPTER 4. PROJECTIBLE DIFFUSION PROCESSES 



and define to be the law of y(<7, -) : C R m -> C Uo (l, r; N+). For bounded 
measurable / : C Uo (l, r; iV + ), 

E {/(«.) | p(u.) = <t.,Z < s < r} = / /(y)dQ^ o (y). 

JyeC UQ (l,r;N+) 

Proof. Take a measurable function a : C p(Mo )(7, r; M + ) — > R. Then 



E P "o (a(p(u)) / /(y) dQ£ tt)>tl0 (y) 

E p ^o fa(x) / /(y)dQ^(y) 

V JyeC U0 (l,r;N+) 



= E »W a(i) / /(y(x,u;))dP(u;)) 

V JcoR m 

= [ {a(x)f(y(x 1 u))dP^ vo) dP(u))) 

J C p(uQ) {l,r;M + )xC R™ 

= E/(«)a(p(u)), 

as required. □ 

Note that Theorem 4.8.1 is equivalent to the statement that i— > Qp(^) Uo , 
c<j G C uo (/, r; iV + ), is a regular conditional probability of P^f^' 8 given p. 

Remark 4.8.2 Let (£'(•,•),/ ^ t < oo) be a measurable flow for (4.21) and 
(r)l(cr, •, ), ^ t < oo) one for (4.23) with rr' replaced by a E C p ( uo )(l, r; M + ). 
For w G f], the underlying probability space for the Brownian motion £>, define 
Q^ r , from the space of bounded measurable functions on N + to itself, by 

Q!i r (/)(«o)=E/ webw^),^)). 

A direct calculation shows that 

forO^/^r^s<oo. Thus their adjoints on a suitable dual space would form 
an evolution. 

More generally, letting Borel(X) stand for the Borel c-algebra of a topological 
space X: 
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Proposition 4.8.3 Let tp be a measurable map from C Xo (l, r; M + ) to some mea- 
sure space, and let 

PM>" : C X0 (l,r; M+) x Bove\(C X() (l, r; M+)) -> [0, 1] 
be a regular conditional probability for Pi^ given ip. For m with p(u ) = x set 

A) = I Q^(A)P£ r ^(p(o;), dcr) 

./C^ (Z,r;M+) 

for G C M0 (/,r; 7V+) and A G Borel (C Uo (l,r; N+)). Then Qjj^ is a regular 

(l r) t3 

conditional probability of P„„ given y? o p. 
Proof. By definition 

QX' w (w,A) = E(W^{Q;j_ )uo (i)|^( W ) 

= E^)^{ XA |^op}(u;). 

□ 

Corollary 4.8.4 For p as in Theorem 4.8.3 suppose that the canonical process 
on M + with law P^'^'^a-, — ) is a semi-martingale for almost all a, in its own 
filtration ^ £ ^ T, for p£' TM almost all tr. Then the solution y(a, -) to 
the equation 

(V y ) dy t = h yt oda t + V(y t )dW t + V°(y t )dt, (4.24) 
yi = u , < £ < T 

where <r t , ^ £ ^ T is run with law P^ T ^' (p (a, — ), is a version of the £>-diffusion 
from u conditioned by p o p. 

Proof. That the law of the solution is as required follows from the discussion at 
the beginning of this section together with Proposition 4.8.3 and Fubini's theorem. 

□ 

Conditions under which conditioned processes are semi-martingales are dis- 
cussed by Baudoin [2]. In particular bridge processes derived from elliptic diffu- 
sions are, so we obtain the following version of CarverhiU's result [12]: 
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Corollary 4.8.5 Suppose A is elliptic and let b t : ^ t ^ T be a version of the 
^.-bridge going from x to z in time T, some z G M. Then the solutions to 

(V y ) dy t = h yt odb t + V(y t )dW t + V°(y t )dt, (4.25) 
give a version of the B diffusion from u conditioned on p(ur) = z. 

4.9 Equivariant case: skew product decomposition 

In the equivariant case, when iV is the total space P of a principal bundle 
7r : P — > M as in §5, a version of Theorem 4.8.1 is given in [25] which reflects 
the additional structure. In particular the following is proved there: 

Proposition 4.9.1 Let B be an equivariant diffusion operator on P which induces 
a cohesive diffusion operator A on M. Let {y t : ^ t < (} be a £>-diffusion on 
P*. Then 

where 

(i) {5 t : < t < (} is the horizontal lift of p(y.), starting at y , using the 
semi-connection induced by B 

(ii) {g? : ^ t < C(o")} is a diffusion independent of {p(y t ) : ^ t < (} on 
G starting at the identity with time dependent generator CI given by 

^f(9) = J2^(a(t) ■ g)L A; L A *f(g) + £ (3 k (a(t)g)L Al f(g), 

for any a e GP + , ^ t < ((a), where Al,...,A* k are the left invariant 
vector fields on G corresponding to a basis of g and the a tj and (3 k are the 
coefficients for B v as in Theorem 3.2.1. 

Note that for each t the operator Cf t is conjugate to the restriction of B v to the 
fibre through a(t) by the map 

>-»■ 

It is a right invariant operator. 
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Remark 4.9.2 Note that by the equivariance of C 7 there will be no explosion 
of the process {g") before that of a.. Consequently Assumption S of §4.3 holds 
automatically. 

Below we give the equivariant version of Proposition 4.8.1. We shall use the 
notation of §4.8. However we replace the one point compactification P + of P 
by P = P U A with the smallest topology agreeing with that of P and such that 
7r : P — > M + is continuous. Also let G + be the one point compactification GUA 
of G with group multiplication and action of G extended so that 

u ■ A = A, A ■ g = g ■ A = A, VueP,geG. 

For 0^Z<r<ooifyG C(l, r; P), we write l y = I and r y = r. Let C(*, *; P) 
be the union of such spaces C(l, r; P). It has the standard additive structure under 
concatenation: if y and y' are two paths with r y = l y , and y(r y ) = y'(l y >) let y + y' 
be the corresponding element in C(l y , r y < \ P). The basic cr-algebra of C(*, *, P) 
is defined to be the pull back by % of the usual Borel cr-algebra on C(*, *; M + ). 
Given an equivariant diffusion operator £> on P consider the laws {P„'^' S : a G P} 
as a kernel from P to C(l, r; P). The right action R g by g in G + extends to give a 
right action, also written R g , of G + on C(*, *, P). Equivariance of B is equivalent 

for all ^ I ^ r and a e P. Therefore 7r*(Pa' r ^' S ) depends only on 7r(a), 
/, r and gives the law of the induced diffusion A on M. We say that such a 
diffusion £> is basic if for all a E P and ^ I < r < oo the basic cr-algebra on 
C(l,r; P) contains all Borel sets up to pV'^' 13 negligible sets, i.e. for all a G P 
and Borel subsets B of C(l, r; P) there exists a Borel subset A of C(l, r, M + ) s.t. 
Pt ) ' B {7r- 1 (A)AB) =0. 

For paths in G it is more convenient to consider the space dd(l,r; G + ) of 
cadlag paths cr : [l,r] — > G + with a(l) = id such that cr is continuous until it 
leaves G and stays at A from then on. It has a multiplication 

C id (s, t; G + ) x C id (t, u- G + ) — > C id (s, u; G+) 

(g,g') ^ g x g' 

where ((? x g')(r) = g(r) forr G [s,t] and ((? x (?')(r) = g(t)g'(r) forr G [i, u]. 

Given probability measures Q, Q' on C id (s,t; G + ) and C id (t,u; G + ) respec- 
tively this determines a convolution Q * Q' of Q with Q' which is a probability 
measure on C id (s, u; G + ). 
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Theorem 4.9.3 Given the laws {Pi' rj ' : a e P,0 <r < oo} of an equivari- 
ant diffusion B over a cohesive A there exist probability kernels {P^'' ,r : a E P} 
from P to C(l,r;P), < I < r < oo and y i— > Q^' r , defined P i,r a.s. from 
C(Z, r; P) to C id (Z, r; G+) such that 

(i) {Pa' l,r : a G P} is equivariant, basic and determining a cohesive generator. 

(ii) y i— > Q^ r satisfies 

for P l v r v ® pV>V almost all y, y' with r y = Z^. 

(iii) For [/ a Borel subset of r; P), 

P|f(tf) = / / xu(y- ■ g)Q l y r {dg)V H a ^{dy). 

JC(l,r;P) JC(l,r;G+) 

The kernels P^''' r are uniquely determined as are the {Q, l y T '■ y £ C(/,r;P)}, 
Pf^' 7 * a.s. in y for all a in P. Furthermore depends on y only through its 
projection n(y) and its initial point y t . 

The proof of this theorem is as that of Theorem 2.5 in [25] (although there the 
processes are assumed to have no explosion). 

Stochastic differential equations can be given for (x t ) and {g°) as in §4.8, 
from which the decomposition can be proved via Ito's formula; see Theorem 8.2.5 
below for details of a special case. 

Proposition 4.9.1 extends results for Riemannian submersions by Elworthy- 
Kendall [24] and related results by Liao[48]. A rich supply of examples of skew- 
product decomposition of Brownian motions, with a general discussion, is given 
in Pauwels-Rogers[58]. 

For a special class of derivative flows, considered as GLM-valued process as 
in §3.3 there is a different decomposition by Liao [49], see also Ruffino [65]. 

4.10 Induced processes on vector bundles 

In the notation of §3.4 let p : G — > L(V, V) be a C°° representation with IF : 
F — > M the associated bundle. A ^-diffusion {y t : ^ t < (} on P determines 
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a family of {tp t : ^ t < (} of random linear map W t from F 3 
x t = ir(y t ). By definition, 



F Xt , where 



M(Vo,e)} = [(y t ,e)]. 



Assuming A is cohesive we have the parallel translation // t : F XQ — > 
{xt : ^ t < determined by our semi-connection. This is given by 



F xt along 



//t[(yo,e)] = [(x t ,e)\ 



where re. is the horizontal lift of x, starting at y . 

When taken together with Corollary 3.4.8 the following extends results for deriva- 
tive flows in Elworthy-Yor[29], Li[47], Elworthy-Rosenberg [28], and Elworthy- 
LeJan-Li[27]. 

Theorem 4.10.1 Let p : G — > L(V; V) be a representation of G on a Banach 
space V and U p : F — > M the associated vector bundle. Let {y t : ^ t < (} 
be a £>-diffusion for an equivariant diffusion operator B over a cohesive diffusion 
operator A. Set x t = p(y t ) and let ^ : F Xo — > F Xt , ^ t < C be the induced 
transformations on F. Then the local conditional expectation {^f t : ^ t < (}, 
for fy t = 'E{ 1 ^ t \a{x s : ^ s < (} exists and is the solution of the covariant 
equation along {x t : ^ t < (}: 



with the identity map, A p : F — > F given by A p in Theorem 3.4.1 and where 
refers to the semi-connection determined by £>. 

/Voo/ From above and Proposition 4.9.1 we have 



and so //f~ Vt[(2/o, e)] = [(y , p(fl'f Now from the right invariance of Q% , for 

fixed path a and time t, we can apply Baxendale's integrability theorem for the 
right action 




H(Vo,e)} = [(x t ogf,e)} = [(x t , P {glY l e] 



GxL(V;V) -> L(V;V) 

(g,T) » piglVoT 
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to see E\p(gl) 1 \l(v-v) < °o for each a, t and we have S(a) t E L(V; V) given 
by 

£(a) t e = Ep(g?y l e. 

By considering (1 + F,\p(g^)~ 1 //f 1 ^ for a = x.. We see the local conditional 
expectation \l/ t exists in L(F X0 ; F Xt ) and 

y t [(yo,e)] = [(x t ,£(x.) t e)}. 

The computation in Theorem 3.4.1 shows that 

jJt^Aiv^e)] = f t [(y ,£(x.) t e)} = [(y , Y(x t )£(x.) t e)} 

giving 

f t H(yo,e)\ = [(x t ,\ p (x t )£(x.) t e)} = A p (x.)%[(y ,e)\ 
as required. □ 

Remark 4.10.2 Theorem 4.10.1 could also be used to identify the generator of the 
operator induced on sections of F*, reproving Theorem 3.4.1, since if e 7-F* 
then E0 o ^ t Xt<c — o ^>tXt<c if the expectations exist, by Corollary 3.3.5 of 
[27]. The extra information in Theorem 4.10.1 is the existence of the conditional 
expectation. Baxendales' integrability theorem used for this applies in sufficiently 
generality to give corresponding results for infinite dimensional G, for example in 
the situation arising in chapter 8 below. 



Chapter 5 



Filtering with non-Markovian 
Observations 

So far we have considered smooth maps p : N — > Mwith a diffusion process u, 
on N mapping to a diffusion process x, = p(u) on M. From the point of view 
of filtering we have considered u. as the signal and x. as the observation process. 
However the standard set up for filtering does not assume Markovianity of the 
observation process. Classically we have a signal z , a diffusion process on H d or 
a more general space, and an observation process x. on some R™ given by an SDE 
of the form 

dx t = a(t,x t ,zt)dt + b(t,x t ,Zt)dB t (5.1) 

where B. is a Brownian motion independent of the signal. To fit this into our 
discussion we will need to assume that the noise coefficient of the observation 
SDE does not depend on the signal other than through the observations, as well 
as the usual cohesiveness assumptions. We can take N = H d x R™ and M = R n 
with p the projection and u t = (z t , x t ). To reduce to our Markovian case we can 
use the standard technique of applying the Girsanov-Maruyama theorem. Here 
we first carry this out in the general context of diffusions with basic symbols, as 
discussed in Section 2.4 and then show how it fits in with the classical situation. 
For simplicity we shall assume that the signal is a time homogeneous diffusion, 
and that the coefficients in the observation SDE are also independent of time. The 
state spaces are taken to be smooth manifolds and the standard non-degeneracy 
assumptions on the observation process somewhat relaxed. 

For other discussions about filtering with processes which have values in a 
manifold see [18], [59], and [32]. 
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5.1 Signals with Projectible Symbol 

Using the notation and terminology of Section 2.4 suppose that our diffusion op- 
erator B on N is conservative and descends cohesively over p : iV — > M so that 
for a horizontal vector field b H on N the diffusion operator B := B — b H lies over 
some cohesive A. Choose such an A so that B, and so A, is also conservative: 
we assume that this is possible. Also choose a locally bounded one-form b* on N 
with 2a B (b#) = b H . This is possible since b H is horizontal, and we can, and will, 
choose b* to vanish on vertical tangent vectors and satisfy 

b*(b H (y)) = 2a«(b*,b*) = \b H (y)\l y G N (5.2) 

where \b H (y)\ y refers to the Riemannian metric on the horizontal tangent space 
induced by 2a AH . This can be achieved by first choosing some smooth b : N — > 
T*M such that, in the notation of equation (2.10), a£ (y) (b(y)) = b(y) for y e N; 

and then taking b* to be the pull back of b by p: 

b*(v)=b(y)(T y p(v)) yeN 

Now set 

Z t = exp{-M? ~ \ (M a ) J 

for a t (u) = 6* where m e C([0, T]; iV), our canonical probability space fur- 
nished with measures P := P B and P := P B and corresponding expectation 
operators E and E. 

Here and below we are using the notation of proposition 4.1.1 with M a etc 
referring to taking martingale parts with respect to P while M a and J Q * a s d{y s } 
are with respect to P. 

From the Girsanov-Maruyana-Cameron-Martin theorem (see the Appendix, Sec- 
tion 9.1), we know that Z is a martingale under P and the two measures are 
equivalent with 

ur yo 

Suppose / : iV — > R is bounded and measurable. We wish to find n t (f) : N — > 
R, < t ^ T where 

7r t (/)(y ) = E yo {f(u t )\p(u s ),0 ^ s ^ t}. 
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Following the approach due to Zakai, consider the unnormalised filtering process 
Tx t (f) : N -> R given by 

7T t (/)(«0) = K {f{u t )Z^ | pK),0 < S < t}. 



For completeness we state and prove the Kallianpur-Striebel formula , a version 
of B ayes' formula: 

Lemma 5.1.1 

Proof. Setx = p(u ). Let g : C uo ([0,T]; N) -> Rbe -measurable. Then 

E U0 {/K)^( M .)} = E{l/(« t )^(^.)} 

At 

= E{E{±f(u t )\f?°}g(u)} 
At 

= E{Z t V{±f(u t )\F?°}g(u)}. (5.3) 
At 

Thus 

7r t (/)(tio) = E{Z t |J^»}7r t (/)(tio). 

Taking / constant shows that E{Z t |jF"°}7r i (l)(M ) = 1 and the result follows. 

□ 

We can now go on to obtain the analogue of the Duncan-Mortensen-Zakai (DMZ) 
equation for the unnormalized filtering process, using the results of Section 4.8 on 
conditional laws: 

Theorem 5.1.2 For any C 2 function / : iV — > R, under P, 

7Tt/(«o) = f(llo) + j'l TC S (Bf) (uq) ds + J* 7T S (fb#(-)h-) (m )4^} 4) 

+ /o i d f- h -) (u )d{x s }; 

7r*/(«o) = /(«o) + /o^(^/)W ds + / t (7r i (/6)(ti ),ti{a: a }) a .. ^ ^ 
+ JjJ ^ s (d/_/i_)(u )rf{a: s }. 
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where x s = p(u s ), < s < oo is the projection to M of the canonical process 
from uq on N, and h the horizontal lift map for the induced semi-connection. 
Using an alternative notation: 

n t f = Tt f + M t ^ +M t x + 7T s (Bf)ds. (5.6) 

Proof. Since we are working with P we will write M 6# for M b * ,B , etc. Also Z t _1 
satisfies: 

<ZZ t -1 = Z~ x dM h * 

while 

df(u t ) = dM? + B(f)(u t )dt 

giving 

d(z t -7(«*)) = ^r^Mf + Z; l BU){u t )dt 

+f(u t )Z- 1 dMf + Z- 1 + df Ut (b H (u t ))dt 
since dMfdMf = a S (df Ut ,b#) = df u {b H {u t )). Thus 

d(Z; l f\u t )) = Z^dMf + Z^B{f){u t )dt + f{u t )Z^dMf + Z-\ 

We can now take conditional expectations using proposition 4.3.5 since £> — 

is over the cohesive operator A to complete the proof. □ 

Lemma 5.1.3 There are the following formulae for angle brackets: 

d(7r(l)) t = (7r t (6),7r t (6))f t dt (5.7) 
d<7r(l), n(f)) t = (Mfb), Mb))Z dt + Mdf oh u )o n t (b(u))dt (5.8) 
Proof. From the previous theorem 

(tt(1), n(f))dt = (dM? {fb#oh) ' A + dMt idfoh - :)A )dM^ b * oh)A 

= 2a A (n t {fb* o h), n t {b* oh))dt + 2a A (n t {df oh u ), n t {b* oh))dt 
= (7t t (fb), 7t t (b)) xt dt + 7r t (df oh u )o jc t (b(u.))dt 
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since for any one form on M we have: 

a A ( ( f>Mb*oh)) = n t ((<f>\ E ,b#oh) E *) 

= 

This gives the second formula, from which comes the first. □ 

We can now give a version of Kushner's formula in our context: 
Theorem 5.1.4 In terms of the probability measure P 

7r t / = 7ro/+ [\ s B(f)ds + f \ 8 (df oh u )[d{x s } - it s {b{u)) s ds] (5.9) 
Jo Jo 

+ / Mfb) - ^ s (f)^ s (b),d{x s } - n s (b)) Xs . 
Jo 

Proof. From the definition and then Ito's formula: 



dMf) = 




dfit(f) W)d*t{l) dn t (f)dn t (l) 
n t (l) (MW (^(l)) 2 
7t t (f)d7t t (l)dn t (l) 

Now substitute in the second formula of Theorem 5.1.2 and use the previous 
lemma. □ 

Note that fct(f), b, and P, depend on the choice of A. We would like to have 
a version of formula 5.9 which is independent of such choices. First note that if 
B — 6f is over A±, and B — b% is over A 2 , then the difference of the two vector 
fields on iV descends to a vector field on M: if g : M — > R is smooth and 
g = gop: N^H then 

(b? - bf)~g — (B - bf)f - (B - bf)g = (A, - A 2 )g. 
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Therefore if we set b (z) = Typfitfiy) — bf(y)) for p(y) = z, z e M then 
Ai = A 2 + L bo , and by Remark 4.1.4 



From this we see immediately that the symbols d{x s } — n s (b)ds, and n s (fb) — 
7r s (/)7r s (&) in formula 5.9 are in fact independent of the choice we made of A. To 
relate to now classical concepts we next discuss the first of these in more detail. 

5.2 Innovations and innovations processes 

Keeping the notation above, for a G L\, so a t e T* t M for ^ t < oo, define a 
real valued process J" : ^ t < oo, the a-innovations process by 



A generalisation of a standard result about innovations processes is: 

Proposition 5.2.1 The process I a is independent of the choice of A. Under P B > U ° 
it is an J 7 * martingale. 

Proof. The observations just made show it is independent of the choice of A. It 
is clearly also adapted to J 7 * . To prove the martingale property note first that by 
Proposition 4.3.4 and formula (5.10) 



d{x s } M = d{x s } Al + b ds 



(5.10) 




(5.11) 




From this we see that if < r < t and Z e cr{x s : ^ s ^ r} then 




giving the required result. 



□ 
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If we fix a metric connection, T, on E, as described in Example 4.1.6 we can take 
the canonical Brownian motion, B r ' A say, on E XQ determined by A and T. Then, 
by equation (4.8), we can write d{x s } A — n s (b(u.))ds = // s dB v ' A — n s {b(u))ds. 
In terms of the the P Brownian motion, B v , on E Xo , which is the martingale part 
under P of the T- stochastic anti-development of x, we can define an E xo -valued 
process, z\ : ^ t < oo, by 

z\ = Bf+ f {Hs)-\b{u 9 ) - n s (b(u))ds. (5.12) 
Jo 

A candidate for the innovations process of our signal -observation system is 
the stochastic development , u r say, of z r . under T. This can be defined by using 
the canonical sde on the orthonormal frame bundle of E, namely 

dv t = X(z> t )(z7 ) _1 o dz t 

for a fixed frame u for E XQ . Here 

XM(e) = hlQi(e)). 

for fx : R p — > E rn a frame in at some point m G M, and e G R p , for p the fibre 
dimension of E. The process z/ r is then the projection of z> on M. For example 
see [22]. It will satisfy the Stratonovich equation 

dv v t =// t odz t (5.13) 

where the parallel translation is now along the paths of v v . Let 6 : C (M) — > 
Co(M) be the map given by 0(<r) t = ^ r ((r)t, treating z T as defined on Cq{M). 
Let D = "D r : Cq(T X0 M — > C XQ M be the stochastic development using T with 
inverse D -1 . We will continue to assume that there is no explosion so that these 
maps are well defined. For example, 

z ( x ) = V~ x Q{x). 

We define a semi-martingale, on M to be a Y -martingale if it is the stochastic 
develoment using T of a local martingale, see the Appendix, Section9.3. 

Theorem 5.2.2 For each metric connection r on E the innovations process v v is 
a T-martingale. If T is chosen so that the ^-diffusion process is a T-martingale 
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under P- 4 then for a : [0, r) x C X() M — > T*M which is predictable and lives over 
x., provided the integrals exist, 

I a o 0(x.) = (r) / a(z/ r (x.).)^z/ r (x.) s - / a(x.) s %) s rfs (5.14) 

where b(— ) s : (7 X0 — > TM is the conditional expectation, 

6 S = E{&(u s )|p(f/) = x}, 
and has G T Xs almost surely for all s. 

Proof. The fact that z/ r is a T-martingale is immediate from the definition and 
Proposition 5.2. 1 . To prove the claimed identity note that our extra assumption on 
r implies that //^d{x s } A = d{V~ 1 {x)) s . Therefore 

I a {x) = [ a s {x)// s dV-\x) s - [ a s {x)b{x) s ds (5.15) 
Jo Jo 

while by definition 

(r) [ a s du T s (x)= ['a s tf(x.))//f^d(V- 1 (v T (x.))) s (5.16) 
Jo Jo 

where the superscript on the parallel translation symbol indicates that it is along 
the paths v v {x). Our identity follows. □ 

Remark 5.2.3 (1) For T such that the ^4-process is a T martingale we can eas- 
ily see that has an adapted inverse. Indeed its inverse is defined almost 
surely by 

0- 1 = V o Mart pA o V 1 

where Mart denotes the operation of taking the martingale part under the 
probability measure P- 4 . 

(2) If we are given a connection r on E we could make our choice of A so that 
its diffusion process gives a T martingale. This specifies A uniquely and 
might be more natural sometimes, for example in the classical case with 
M = R n . 

(3) The results and earlier discussion still hold if T is not a metric connection. 
However then B r ' A cannot be expected to be a Brownian motion. The con- 
nection could even be on TM rather than on E in which case B r ' A will be a 
local martingale in T XQ M. This will be a natural procedure when N = R n , 
using the standard flat connection. 
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5.3 Classical Filtering 

For an example of the situation treated above consider a signal process (z t , < 
t < T) on R d satisfying an SDE 



with (x t , ^ t ^ T), the observation process, taking values in R™ and satisfying: 



Here B. and W. are independent Brownian motions of dimension q and p respec- 
tively. We then take N = R d x R™ and M = R n , with p : N -> M the projection. 

We set u t = (z t , x t ) so that 



x) = \DlJiV\z, x), V\z, x)) + DJ(P(z, x)) 

+\Dl 2 f{X^\x),X^\x)) + \Dl 2 f{X^{x) ) X^{x)) 
+D 2 f(z, x)(b(z, x)) + DlJ(z, x)(y\ Z) x),X^(z, x)) 

(5.19) 



using the repeated summation convention where % goes from 1 to p and j from 1 
to q, with the V j referring to the components of V and similarly for X^'* and 
X^' j . Also D^ m refers to the second partial Frechet derivative, mixed if I ^ m, 
etc. 

The filtering problem would be to find ~E{g(z t ) | x s : ^ s ^ t} for suitable 
g : R d — > R. This would fit in with the discussion above by defining / : R d x 
R n — > R by f(z, x) = g(z). Note that we have allowed feedback from the signal 
to the observation; usually only the special case where V and (3 are independent 
of x is considered. Also we have allowed the noise driving the signal to also affect 
the observations ("correlated noise"). This can give a non-trivial connection, in 
which case the terms involving horizontal derivatives of / will not vanish even for 
/ independent of x. This vanishing would occur otherwise (i.e. for uncorrelated 
noise) so that in that case the formula in Theorem 5.1.2 reduces to the usual DMZ 
equation, for example as in [56] or [57]. 

Our basic assumptions are smoothness of the coefficients, non-explosion (for 
simplicity of exposition), and the cohesiveness of our observation process. By the 
latter we mean that for all x e R n and z E R d the image of the map (e 1 , e 2 ) h- > 
X 1 (x)(e l ) + X 2 (X)(e 2 ) from K q x R p to R n contains b(z, x) and has dimension 
independent of x. Some bounds are needed on b to ensure the existence of its 
conditional expectations. 



dzt = V(z t , x t )dW t + P(z t , x t )dt 



(5.17) 



dx t = X {1 \x t )dB t + X i2 \x t )dW t + b(z t ,x t )dt. 



(5.18) 
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To carry out the procedure for the signal and observation given above we must 
first identify the horizontal lift operator determined by £>. For this for each x G M 
let Y x : R n — > H p+q be the inverse of the restriction of the map (e^e 2 ) i— > 
X 1 (x) (e 1 ) +X 2 (X) (e 2 ) , from K q x R p to R n , to the orthogonal complement of its 
kernel. Then from Lemma 2.2. 1 we see that the horizontal lift h u : R™ — > H d x R n 
is given by 

h u (v) = (V(z,x)oY x (v),v) u = (z, x) G R^ x R™. (5.20) 
A natural choice of A is 

A(f)(x) = l -Dy (X^(x),X^(x)) + \d\ 2 ] (X^(x),X^(x)) . 

Having done that the '6' of our general discussion is just the drift b : H d x R™ — > 
R™ of our observation's stochastic differential equation. Moreover for suitable 
T*M- valued processes a. we have the ^-innovations process 

I?= [ a(x s ) (X^(x s )dB s + X^(x s )dW s )+ [ a(x s )(b(z s ,x s )-b(x) s )ds, 
Jo Jo 

where b(a) = YP{b(z S) x s ) \ x r = a r ^ r ^ s}. 

From Theorem 5.9 , Kushner's formula , given smooth g : H d — > R, one has 

n t g = g(z ) + £ (n s \ D\ 1 g{-){y\-\ V\-)) + n s D ig (-)(P(-)))d S 

+I n,(dg(-M-)oY) + j(gb s -g s b s ,-) xs 

This can be compared, for example, with the formula given in the remark on page 
85 of [57], following the proof of Proposition 2.2.5 there. Alternatively see [56]. 
Using the standard flat connection of R n we get the innovations process given by 



u t = x + [ (xW{x s )dB s + X®{x s )dW s ) + [ {b(z s ,x s )-b(x) s )ds. 
Jo Jo 
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5.4 Examples 



Consider the stochastic partial differential equation on L 2 



([0,1]; R*): 



TO 



du t (x) = Au t (x) +^2$i(x,u t (x))dBi 



i=i 



where (Bf) are independent Brownian motions. For p > 1 it can be considered 
as a system of equations. One natural question is to find the law of u t given that 
of u s (x ), ^ s ^ t for some given point x , or to find the conditional law of u t 
given u s (xq), ^ s ^ t. Here we indicate briefly how the approach we have been 
following may sometimes be applied to this or similar problems. For simplicity 
we take p = 1, so our "observations" process is one dimensional; M = R. 
Let y t = u t (xo). It satisfies: 



Because of the drift term we cannot expect this to be Markovian so we will have 
to remove the term (Au t )(x )dt by a Girsanov transformation. 
Let (e.j) be the standard orthonormal base of R m . Define 



in, 



dy t = (Au t )(x )dt + J2®i( x o,Vt)dB l t . 



i=i 



$ : L 2 ([0, 1]; R) x R m -> L 2 ([0, 1]; R) 



and 



$ : R^> £(R m ;R) 



by 



■in 



$(u)(e)(x) 



^2$i(x,u(x))(e,ei) 



i=i 



and 



■in 



$(*)(e) : = ^®i(xo,z){e,ei), 



i=i 



respectively. Consider T Z H, identified with R and furnished with the metric in- 
duced by $(z): 
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To have cohesivity and to be able to apply the Girsanov-Maruyama-Cameron- 
Martin theorem this must be well defined, i.e. the denominator must never vanish, 
and it must determine a non-explosive Brownian motion. If these conditions hold, 
we still have to be sure that the Girsanov transformed S.P.D.E has solutions ex- 
isting for all time and that we can apply the martingale method approach used in 
the proof of 9.1.3. Alternatively we can try to apply one of the standard tests to 
show that the local martingale which arises is a true martingale. First we apply 
Lemma 2.2.1 to obtain the horizontal lift map. For this we need the dual map 
®*(z) : R — > R m is given by: 

j m 

*•(,)(!) = Eii($((a ^ ))2 E •>(*.. *)«,■ 

Then from equation (2.8) the horizontal lift h u : T U ( X0 )R — > L 2 ([0, 1]; R) at a 
function u is given by 

h u {l){x) = $(x,u(x)) o$*(u(x )). 

In particular a natural choice of drift b h to remove by the Girsanov-Maruyama- 
Cameron-Martin theorem, namely b h (u) = h u (Au(x )), is given by 

b h (u)(x) = r °; 0,) ;\ / jj a^ ). (5.21) 

l^ k=1 {®k{x ,u{x ))) 2 
Making the change of probability to P we see that our SPDE becomes 

dut(x) = Aut(x) An((i )+> <&i{x,u t {x))dB\ 

l^ k=1 {®k{xo,u t (x ))y 

for new, independent Brownian motions B 1 , ...B m and has the decomposition 

Y^T = i®j( x o, u t( x o))®j( x , u t( x )) 

dut(x) = [ J — — $i(x , u t (x ))Bl\ 

22k=l(®k{xo,U t {x ))y 

, r / A f , Er=i $ j( j; o>MtW)^(i 1 «t(a!)) A , A,. 
+ A« t i Au t x at 

+ g !*,(*,«(*)«) - ELli * k{xoMxoW H x oM x o)) I dB t] . 
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In this decomposition the term in the first square brackets relates to the horizontal 
lift of the „4-process , while that in the second is the vertical component. They are 
independent (under P), given u at x . 

We could continue by applying the Kallianpur -Striebel formula, Lemma 5.1.1 
or go directly to our version of Kushner's formula, Theorem 5.9. In that formula 
the operator B will be the infinite dimensional diffusion operator on L 2 ([0, 1]; R) 
which is the generator of the solution of our SPDE, so there are extra analytical 
problems. However there are cases where the situation is fairly straightforward. 
For example: 

(1) $>i{z, u) = 4>i(z), where the vector {(f) 1 (z), . . . , (f) m (z)} never vanishes for 
any z. In this case y t is basically Gaussian. 

(2) u) — u with one dimensional noise B t , in which case the solution of 



the SPDE is u t (x) 
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Chapter 6 

The Commutation Property 



In certain cases the filtering is in a sense trivial: the process decomposes into the 
observable and an independent process. From the geometric point of view this 
means the commutation of the vertical operator B v and the horizontal operator 
A H . See Theorem 6.2.8 below. 

For p a Riemannian submersion (defined in Chapter 7 below) with totally geodesic 
fibres and B the Laplacian, Berard-Bergery & Bourguignon [7] show that A H and 
B v commute. Their proof is based on the result of R.Hermann [37] 

Theorem 6.0.1 [R.Hermann] A Riemannian submersion p : N —> M has totally 
geodesic fibres iff the Laplace-Beltrami operator of N commutes with all Lie 
derivations by horizontal lifts of vector fields on M. 

From this, and the Hormander form representation of A H , it follows immediately 
that A H with B v will commute in their situation. In this section we consider some 
extensions of this and their consequences. 

First, for p : iV — > M with a diffusion operator B over a cohesive A, as usual, 
we will say that a vector field on N is basic if it is the horizontal lift of a sec- 
tion of E. From our Hormander form representation of A H we get the following 
extension of Berard-Bergery & Bourguignon's result: 

Theorem 6.0.2 For a diffusion operator B over a cohesive diffusion operator A 
the following are equivalent: 

• [i] B v commutes with all Lie derivations by smooth basic vector fields of 

N; 

• [ii]the operators B, B v , and A H commute (on C 4 functions); 
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• [iii] the operator B v commutes with the horizontal lifts of the vector fields 
which appear in one Hormander form representation of A. 

Proof. It is clear that [i] implies [iii], and [iii] implies [ii]. To show [ii] implies [i] 
observe that every section of E has the form a A X'dft) since every one form 
on M has can be written as \ j dfj for A J ' : M — > R and ft : M — > R and 
some integer m. By definition of the connection this shows that every basic vector 
field on N has the form X>pa A (p*dft). It will therefore suffice to show that 
if [ii] holds then B v commutes with Lie differentiation by \pa AH (p*df) for all 
smooth A, / : M — > R. 

For this assume [ii] holds and take a smooth g : N — > R. By definition of the 
symbol and Remark 1.4.5: 



For the special case of an equivariant diffusion on a principal bundle as consid- 
ered in Chapter 3 we can obtain a working criterion for commutativity: see also 
Example 6.2.12. 

Corollary 6.0.3 In the notation of Theorem 3.2.1 commutativity of B v and A H 
holds if and only if both a and (3 are constant along all horizontal curves. This 
holds if and only if A H (a i ' j ) = and A H {(3 k ) = for all i, j, k. 

Proof. First note that each vector field A* k commutes with all basic vector fields. 
Indeed if V is basic it is equivariant and so 



Differentiating in t at t — gives the required commutativity. Thus the operators 
La* are invariant under flows of basic vector fields and so for B v to commute with 

k 

basic vector fields the coefficients a and (3 must be constant along their flows. By 




\pB v (A H (fpg) - fpA H (g) - gA H (fp)) 
\p (A H (fp)B v g - fpA H B v g - (Af)pB v g) 
2\pd(B v g)a AH (p*df) 
2d(B v g)a AH (\pp*df) 



as required. 



□ 



(R expt A k Uv) = v t > o. 



6. 1 . COMMUTATIVITY OF DIFFUSION SEMIGROUPS 



99 



the theorem this gives the first result since any horizontal curve can be considered 
as an integral curve of a (possible time dependent) basic vector field. 

Clearly, from the Hormander form of A H , if this holds both a and j3 are ^In- 
harmonic. The converse holds since from above A H commutes with all of the 
vertical vector fields C* Ak . □ 

The Corollary is applied to derivative flows in Example 6.2.12 of Section 6.2 
below. 

Hermann proved that a Riemannian submersion with totally geodesic fibres 
has the natural structure of a fibre bundle with group the isometry group of a 
typical fibre. 

Theorem 6.0.4 (Hermann) If N is a complete Riemannian manifold and : 
N — > M is a C°° Riemannian submersion then is a locally trivial fibre space. 
If in addition the fibres of <f> are totally geodesic submanifolds of N, <fi is a fibre 
bundle with structure group the Lie group of isometries of the fibre. 

An analogous result given the hypothesis of theorem 6.0.2 together with some 
completeness and hypoellipticity conditions is proved in Theorem 6.2.8 below. 
Before that we consider when the associated semi-groups commute. 

6.1 Commutativity of Diffusion Semigroups 

It is well known that in general the commutativity of two diffusion generators (on 
C 4 functions) does not imply that of their associated semi-groups. One reference 
is [61] page 273 where an example they ascribe to Nelson is given. Here is a 
minor modification of that construction: 

Cut R 2 along the positive rr-axis. Take a copy A, say, of (0, oo) x (— oo, 0] and 
glue it along the cut to the upper part of the cut plane, identifying (0, oo) x {0} in 
A with the positive rr-axis. Similarly glue a copy ,B, of (0, oo) x (0, oo) along the 
cut to the lower part of the cut plane. This gives a version of the plane but with 
two copies of the upper and lower quadrants, and with the origin missing. On this 
we have naturally defined vector fields X 1 given by J| and X 2 given by J^. These 
certainly commute. However their associated semi-groups do not, as can be seen 
by starting at the point (—1,-1) moving along the X 1 -trajectory for time 2 and 
then along the X 2 trajectory for the same amount of time. We end up at the point 
(1,1) of copy B. However if we had changed the order of the vector fields we 
would be at (1, 1) of copy A. A more geometrically satisfying construction would 
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be, as Nelson, to use the double covering of the punctured plane as state space 
with similarly behaved vector fields. Here is an easy positive result: 

Proposition 6.1.1 Let A-y and A 2 be diffusion operators with associated semi- 
groups {Pf}t>o and {P 2 } t> o acting as strongly continuous semi-groups on a Ba- 
nach space E of functions which contains the C 2 functions with compact support. 
Let Q\ and Q 2 be the corresponding generators , (closed extensions of the restric- 
tions of A\ and A 2 to the space of C 2 functions with compact support). Assume 
there is a core C 2 for Q 2 consisting of bounded C°° functions such that for / E C 2 : 

[i] For all t > the function P t 7 is C 4 . 

[ii] A 2 j(Pff — f) is uniformly bounded in t E (0, 1) and in space, and it 
converges pointwise to A 2 A 1 P t 1 /as t — > 0+. 

[iii] A 2 Plf is uniformly bounded in t E (0,1) and in space. 

Then commutativity of P/ with P 2 , ^ s, ^ t follows from commutativity of 
Ai with A 2 on C 2 functions. Moreover if this holds the semi-group {P^ 1+A ' 2 }t>o 
associated to A 1 + A 2 satisfies 

pM+A 2 _ p^p^ 

Proof. Let / : M -> R be in C 2 . 
We show first that 

A 2 Plf = PlA 2 f (6.1) 
For this set V t = A 2 P^f. Then, by hypothesis [ii], 

^V t = A 2 A x P]f 

= A x V t (6.2) 

by commutativity. By assumption [ii] we know V s is bounded uniformly in s E 
[0, t] for any t > 0. However there is a unique C 2 and uniformly bounded solution, 
P 1 Vq, to any diffusion equations such as (6.2) with given smooth bounded initial 
condition V (as is easily seen by the standard use of Ito's formula applied to V t - S 
acting on a diffusion process with generator A{). This gives 



A 2 Plf = P t V = P}A 2 f 
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as required. Now suppose / G Dom(^ 2 )- By assumption there is a sequence 
{f n }n of functions in C 2 converging in £ 2 -graph norm to /. Then PlA 2 j n — ► 
and P t V„ -> P//. Equation (6.1) therefore shows that P*f G Dom(£ 2 ) 
and we have 

G 2 P t l D P x t Q 2 . (6.3) 

Next, for / G Dom(£ 2 ), and our fixed t > set W s = P?P?f. Since the 
convergence of \{P 2 + J — P 2 f} to Q 2 P 2 f is m ^ we see > using equation (6.3), 

JV S = PlQ 2 Plf = Q 2 P]Plj = g 2 w s 
since P 2 f G Dom(£ 2 ). In particular W s G Dom(£ 2 ). 

Although now it is not clear that W is C 2 we see from this that ^P 2 W S ^ U = 
for < u < s, giving 

PlP 2 J = P 2 W S = P 2 W = P 2 P}f 

for < s < t. For s > t it is now only necessary to use the semigroup property 
of P 2 , to commute with P\ portion by portion. 
Finally since P 2 f G Dom(Q 2 ) the above gives 

^PtPtf = A 1 P t l P 2 f + P t 1 A 2 P 2 f 
= {A l + A 2 )PlP 2 f 

and we can repeat the second arguement showing uniqueness of solutions of the 
diffusion equation to obtain P A ^ M f = P}P 2 f. □ 

Remark 6.1.2 Condition [i] does not always hold. A simple example is when the 
state space is R 2 — {(0, 1)} and the operator is J^. The standard positive result 
for degenerate operators on R" is due to Oleinik, [54]. 

6.2 Consequences for the Horizontal Flow 

For our standard set up of p : N — > M with diffusion operator B over a cohesive 
A, let P v and P H denote the semi-groups generated by the vertical and horizontal 
components of B, and let p( (u, — ) , t ^ 0, u G N, be the transition probabilities of 
P v . If we set N x = p~ 1 (x) for a; G M thenpY(u, — ) will be a probability measure 
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on N^ u y the union of N p ( u ) with A. For and For P^ o -almost all a G C X() M + for 
each x G M there are measurable maps 

111 ■ K - < 

such that for each -u G iV X0 the process (i, a) h- > is an A^-diffusion and 

is over a. These can be obtained, for example, by taking a stochastic differential 
equation, as equation (4.21), 

dx t = X(x t ) o dB t + A(x t )dt 

for our ^-diffusion. Let Y x : E x — > R m be the adjoint (and right inverse) of X(x), 
each x G M. Then consider the SDE on N 

dy t = X(y t )Y(a t ) o dcr t 

and let (t, a) i— > //^ be the restriction of its flow to i\T X0 , augmented by mapping 
the coffin state, A, to itself. This SDE is canonical since it can be rewritten as 

dyt = hyt ° do t 

for h the horizontal lift map of Proposition 2.1.2. 

We will often need to assume that the lifetime of this diffusion is the same as 
that of its projection on M: 

Definition 6.2.1 The semi-connection induced by B is said to be stochastically 
complete if 

C P U0 M + := {o : [0, oo) -> M+ : \imp(u t ) = A when ({u) < oo} 
has full P£ H measure for each w G iV or equivalently if the lifetimes satisfy 

C(«) = C(p(«)) 

for -almost all paths m. 

The semi-connection is said to be strongly stochastically complete if also we 
can choose a version of //I : iV^o) — > ^-(t) which is a smooth diffeomorphism 
whenever cr(0) is a regular value of p and t < ((o). 

Note that strong stochastic completeness of the connection will hold whenever 
the fibres of p are compact by the basic properties of the domains of local flows of 
SDE, [43], [21]. This also holds if the stochastic horizontal differential equation 
is strongly p-complete in the sense of Li [47] for p = dim(iV) — dim(M). 
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Proposition 6.2.2 Suppose the semi-groups P v and P H commute and stochastic 
completeness of the connection holds. Then the horizontal flow preserves the 
vertical transition probabilities in the sense that for all positive s and < t < ((a), 

(//n.prK-)=pr(//rK-) (6.4) 

for all u G N a for P-^-almost all a. Equivalently for any bounded measurable 
h : iV — >■ R we have P^-almost surely; 

pj{ho/r t )(u ) = pjh{/r t {uo)) (6.5) 

Proof. It suffices to show that given any finite sequence < ti < t 2 ^ • • • < 
t k < t, bounded measurable fj : M — > R, j — 1, k and bounded measurable 
h : N -> R, if u G N Xo then 

E X0 {/ 1 K).../ fc K) Xt <c( CT ) J p s y (^ ° //D(«o)} 

= E, {/ 1 K).../ fe K) Xt<c(CT) P s y (/i)(//rK))}. (6.6) 

where xz denotes the indicator function of a set Z. To see this set fj — fj o p : 
JV -> R. Then the left hand side of (6.6) is 

E xo {/ 1 (//r i M).../ fe (/AU«o))xt<cw^ y (^°0 t )W} 

= e xo {p/ (/i(//r 1 («o)).../*(//r fc («o))x*<cwM//r(«o)))} 
=pr(pZh...pZ- th _jki£ th h) (no) 

which reduces to the right hand side of (6.6). □ 

Remark 6.2.3 Assuming strong stochastic completeness of our semi-connection 
let {z t : ^ t < ((p(u)} be a semi-martingale in A" with p(z t ) = x t := p(u t ) : 
^ t < )). If x is a regular value of p we have the Stratonovich equation: 

d/ff'zt = T//- 1 o T//- 1 (h zt o dxt) (6.7) 

where // t refers to //f . To see this, for example set b t = //f 1 z t and observe that 

dz t = d(// t b t ) = T// t o db t + h /tht o cfe t . 
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Now assume that our induced semi-connection is strongly stochastically com- 
plete. For a regular value x of p and u G N Xo define a process a u ° : [0, oo) x 

C U0 N+ -> JV+ by 

ar(«)=« t H = (//f M) )-V (6.8) 

if w G C Uo iV with i < ((u) and define o£°(u) = A if t ^ ({u). Note that a t may 
not go out to infinity in N Xo as t increases to its extinction time. 
Also define 

//;(B v )(f) = B v (fo// s )o// t -i 

to obtain a random time dependent diffusion operator //*(B V ) on each fibre over 
a regular value of p. 

Lemma 6.2.4 In the notation of equation (4.23) we have the Ito equation for 

a t := a u t °- 

V y dot = T// t - 1 V(// t a t )dW t + T//^V°{// t a t )dt. (6.9) 
In particular for / : iV — > R in C 2 

M?' a := f(a t ) - f //:{B v ){f){a s )ds (6.10) 
Jo 

is a local martingale. 

Proof. Formula ( 6.9) is immediate from equations (4.23) and (6.7). That M d ^ a 
is a local martingale follows immediately using the properties of pull-backs un- 
der diffeomorphisms of Lie derivatives when V is C 1 , and by going to local co- 
ordinates otherwise. □ 

Lemma 6.2.5 At all points above regular values of p we have: 

^E{//:(B V )}\ S=0 =[A H ,B V ] 

Proof. This is an exercise in the use of Ito's formula. For example write A in the 
Hormander form 

A — - ^ L X j L X j + L° x 

3=1 
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so that Us is the flow of the SDE 

m 

dz s = ^Xi(z s )dB j + X°(z s ) 

3=1 

using the horizontal lifts of the vector fields X 1 . From the Ito formula in lemma 
9B Chapter VII of [21] we have 

where // l is the flow of the vector field XK Since 

^U/i)*(B v ) = \L sri ,(//irB v ] 

we have the result. □ 

Definition 6.2.6 For a regular value x of p. We say B v is stochastically holon- 
omy invariant at x if on N Xo we have //^(B v ) = B v for all ^ t < ( x - with 
probability one. If this holds for all all regular values x then we say B v is 
stochastically holonomy invariant. Similarly we say B v is holonomy invariant 
at xq if the corresponding result holds for parallel translation along any piecewise 
C 1 curve starting at x in M, and is holonomy invariant if this holds for all regular 
values x . 

Remark 6.2.7 1. If the ^4-diffusion on M is represented by a stochastic dif- 
ferential equation we can lift that equation to N and obtain a local flow 
r/f 1 : ^ t < ( H (—) where ( H (y) : y G N gives its explosion times; 
so that with probability one rf is defined and smooth on the open set {y G 
N : t ^ ( H (y), see [43] or [21]. We can say that B v is invariant under the 
horizontal flow if for all C 2 functions / : N — > R we have 

B v (f)or ]t = B v (for ]t ) 

on {y E N : t ^ ( H (y), almost surely, for allt > 0. This does not require 
strong stochastic completeness of the semi-connection, nor do we have to 
restrict attention to fibres over regular values. On the other hand if it holds, 
and given such strong stochastic completeness, if x is a regular value it 
follows that N xo lies in {y e N : t < ( H (y) for all t < ( M (x ) and that we 
have stochastic holonomy invariance at x . 
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2. Assume completeness of the semi-connection. If A satisfies the standard 
Hormander condition, or more generally if the space V°(x ), as in Section 
2.6 is all of M, then holonomy invariance at x implies holonomy invari- 
ance. This follows since concatenation of paths gives composition of the 
corresponding parallel translations and the conditions imply that any two 
points can be joined by a smooth path with derivatives in E. Moreover 
by Theorem 2.6.1 every point is a regular value and so given also strong 
stochastic completeness of the connection from the theorem below we see 
that holonomy invariance of B v at one point implies it is invariant under the 
horizontal flow induced by any SDE on M which gives one point motions 
with generator A. The same holds for stochastic holonomy invariance: see 
Theorem 6.2.8 below. 

Theorem 6.2.8 Suppose the induced semi-connection is complete and strongly 
stochastically complete, and x is a regular value of p. Then the following are 
equivalent: 

[ix ] For all u G N Xo and for any jF a -stopping time r with r(a(u)) < ((p(u)), 
the process {a t : ^ t < t} is independent of !F Xo ; 

[iirr ] B v is stochastically holonomy invariant at x ; 
[iiixo] B v is holonomy invariant at x ; 
[ivx ] B v and A H commute at all points of T>°(x ); 

[vx ] P v and P H commute at all points of V°(x ). 

If the above hold at some regular value x they hold for all elements in V°(x ). 
Moreover a u ° is a Markov process on N xo with generator B v . 

Proof. We will show that [ix ] is equivalent to [iix ] which implies [ivx ]. Then 
[iv] implies [iiiy] for all y G V°(x ) which implies [v]. Finally we show [v] 
implies [iiy] for all y G V°(x ). 

Assume [ix ] holds. Let / : N xo — > R be smooth with compact support. 
Then the local martingale M d ^ ,a given by formula (6.10) is a martingale and from 
equation (6.9) we see that 



E{M df ' a \T X0 } = f(u ). 
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Therefore for P xo -almost all a in C Xo M 

E{f(a t )} = E{f(a t )\p(u) = a} = f(u ) + f E{(//?y(B v )(f)(a s )}d S . 

Jo 

(6.11) 

Also, in the notation of equation (6.9), with the obvious notation for the filtrations 
generated by our processes, we have Jf- C Tf- A and Tf- c Jf- A J=f° 
so our assumption implies that TY' = Ft ' ■> f° r ai l positive t, after stopping W. 
at the explosion time of a.. From this, and equation (6.9) we see that if we set 
M? ,a = E{Mf' a \F at } we obtain a martingale with respect to T% and 

f(a t ) = Mf> a + fjjW{f){a s )ds (6.12) 
Jo 

where //*B V = E{//*B V }. Thus by the usual martingale characterisation of 
Markov processes we see that a. is Markov with (possibly time dependent) gen- 
erator /l*B v at time s. However equation (6.11) then implies, for example by 
[62] Proposition^. 2), Chapter VII, that the generator is given by (//*)* (B v ) for 
arbitrary a in a set of full measure in C XQ M. Thus [ix ] implies the stochastic 
holonomy invariance [iixo]. 

Conversely if [iia: ] holds, equation (6.10) gives 

f(a t ) = Mf> a + f B v {f){a s )ds. 
Jo 

Then Mf' a is an T% -martingale and again we see that a. is Markov, with gener- 
ator B v . It is therefore independent of x. giving [ix ]. Moreover, in an obvious 
notation, if < s ^ t, by the flow property of parallel translations, on N xo , 

B v = //:(B v ) = //:(// t r(B v ), 

and so, almost surely, at all points of N Xs we have 

umB v ) = u/:r 1 B v =B v . 

Since (//*)* (B v ) has the same law as //l_ s (B v )md is independent of jFf° this 
shows that [iiy] holds for pf(x , — )-almost all y e M for all s > 0. 

On the other hand [iiy] implies that B v and A commute on N y by Lemma 
6.2.5. Thus by continuity of [B v , A H ], and the support theorem we see that [Hxq] 
implies [iv]. 
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Furthermore as in Theorem 6.0.2 we see that [iv] implies that B v commutes 
with basic vector fields at all points over V°(xo). From this the holonomy invari- 
ance [im/] holds for all y G T>°(x ). 

Now assume [iiix ] and so by Remark 6.2.7(2.) we have [im/] for all y G 
V°(x ). Since //£(uq) stays above V°(x ) for any suitable piecewise smooth a 
we find the solution to the martingale problem of B v for any point u of N xo is 
holonomy invariant at u , i.e. along piecewise smooth curves a in M starting at 
x , 

^ v (/o//;-)(«o) = p t v (/)(//;«o). 

By Wong-Zakai approximations we see that stochastic holonomy invariance 
ofP BV holds over x and hence on taking expectations we get [vx ]. As observed 
we also get [vy] for all y G T>°(x ) and hence by continuity for all y G V°(x ). 
Thus [iiix ] implies [v]. 

Finally assuming [v] we can apply Proposition 6.2.2, observing that the proof 
still holds since it only involves points in V°(x ). Differentiating equation (6.5) 
in s at s = gives the stochastic holonomy invariance [iiy] for all y G V°(x ) 

□ 

Remark 6.2.9 From the proof and Theorem 6.0.2 we see that the stochastic com- 
pleteness of the connection is not needed to ensure that [ivx ] and [iiix ] are equiv- 
alent. 

We can now go further than our Theorem 2.6. 1 in extending Hermann's result, 
Theorem6.0.1. For this we will need some extra hypoellipticity conditions to deal 
with the case of non-compact fibres. Take a Hormander form A corresponding to 
a smooth factorisation 

at = X(x)X(xY 

with X(x) G L(R m : T X M for x G M. Let H denote the usual Cameron -Martin 
space of finite energy paths H = L 2 '\[0, 1]; R m ). For h G H and x G M let 
4>t{x),Q ^ t ^ 1 be the solution at time t G [0, 1] to the ordinary differential 
equation 

z(t) = X(z(t))(h) (6.13) 

with 4>o(x) = x. In particular we assume such a solution exists up to time t = 
1. For each x G M this gives a smooth mapping <jy[{x) : H — > M, namely 
h h-> <f>i(x). Let C h ' x : E x — > E x be the deterministic Malliavin covariance 
operator, see [9], given by 

C h > x = T h fc(x)(T h fc(x)y. 
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Then (x) is a submersion in a neighbourhood of h if and only if C h,x is non- 
degenerate. It is shown in [9] that this condition is independent of the choice of 
Hormander form for A, and follows from the standard Hormander condition that 
X 1 , . . . , X m and their iterated Lie brackets span T X M when evaluated at the point 
x. A more intrinsic formulation of it can me made in terms of the manifold of 
^-horizontal paths of finite energy, as described in [52]. 

Theorem 6.2.10 Consider a smooth map p : iV — > M with diffusion operator B 
on N over a cohesive diffusion operator A. Suppose that the connection induced 
by B is complete. Also assume that V°(x) is dense in M for all x E M and that 
either the fibres of p are compact or that the solutions to equation (6.13) exist up 
to time 1 and there exists h e H and x e M such that C h °' XQ is non-degenerate. 
Then p : N — > M is a locally trivial bundle. 

If also B and „4 H commute we can take N Xo , the fibre over x , to be the model 
fibre and choose the local trivialisations 

r:UxN X0 ^p'\U) 

to satisfy 

r(x,-Y(B v \N x )=B v \N X0 . 

Proof. The local triviality given compactness of the fibres is a special case of 
Corollary 2.6.3 so we will only consider the other case. 

For this set y = ^(xq). Our assumption on the covariance operator together 
with the smoothness of h t— > (j>i(x ) implies by the inverse function theorem that 
there is a neighbourhood U y of y in M and a smooth immersion s : U y — > H with 
s(y) = /i and <f)f x \x ) = x for x G f/ r 

We know from Theorem 2.6.1 that p is a submersion so all its fibres are sub- 
manifolds of N. Define r Uy : U y x N xo — > p" 1 (C/^) by using the parallel translation 

along the curves : < t < 1 that is: 

^ w (^v) = //f X \v) (x,v) E (U y x N xo ). (6.14) 

For a general point x of M we can find an x' E U y fl X>°(x) and argue as in 
the proof of Theorem 2.6.1 to obtain open neighbourhoods U x of x in M and U' x , 
of x' in U Xo and a fibrewise diffeomorphism of p~ l {U' x ,) with p _1 (f4) obtained 
from parallel translations. This can be composed with a restriction of tu x to give 
a trivialisation near x. This proves local triviality. The rest follows directly from 
Remark 6.2.9 since our trivialisations came from parallel translations. □ 
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Remark 6.2.11 Set 

G(Bl) = {ae Di$(N X0 ) : a*(B v \N XQ ) = B v \N Xo }. (6.15) 

Then assuming the commutativity in the theorem we can consider G(B XQ ) as a 
structure group for our bundle though unless the fibres of p are compact it is not 
clear if we have a smooth fibre bundle with this as group in the usual sense, since 
this requires smoothness into G(B XQ ) of the transition maps between overlapping 
trivialisations. See the next section and Michor [51] section 13. 

Note that elements of G(B^ ) preserve the symbol of B v and so if that symbol 
has constant rank preserve the inner product induced on the image of <j bV . In 
particular if B v is elliptic they are isometries of the Riemannian structure induced 
on the fibre N XQ . This is the situation arising from Riemannian submersions as 
in Hermann's Theorem 6.0.4 and described in detail in Chapter 7 below. The 
space of isometries of a Riemannian manifold with compact- open topology is 
well known to form a Lie group, for example see [40]. However there appears 
to be no detailed proof that the same holds in degenerate cases even when the 
Hormander condition holds at each point. When Hormander's condition holds the 
Caratheodory metric on the manifold determines the standard manifold topology, 
e.g. see [52] Theorem 2.3, which is locally compact, and the group of isometries 
of a connected locally compact metric space is locally compact in the compact- 
open topology, see [40], Chapter 1, Theorem 4.7. Thus in this case G(B^) will 
be locally compact. 

In general preserving the possibly degenerate Riemannian structure determined 
by its symbol will not be enough to characterise G(B^ Q ). Even in the elliptic case 
there may be a "drift vector" which needs to be preserved as well and this may lead 
to G(B^) being very small. For example if N Xo is R 2 and B v = |A — |^:| 2 ^§r 
the group is trivial. 

Example 6.2.12 1. As an example consider the situation described in Sec- 
tion 3.3 of the derivative flow of a stochastic differential equation (3.8) on 
M acting on the frame bundle GLM to produce a diffusion operator B on 
GLM. Assume that M is Riemannian and complete, and that the one point 
motions are Brownian motions, so that A — |A . Assume also that the 
connection induced is the Levi-Civita connection. Then if B and A H com- 
mute, by Corollary co:equ-comm , we see that the co-efficients a and f3 of 
B v described in Theorem 3.3.1 must be constant along horizontal curves. 
However as pointed out in the proof of Corollary 3.4.8, the restriction of 
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a(u) for u E GLM to anti-symmetric tensors is essentially (one half of) 
the curvature operator. It follows that the curvature is parallel , VIZ = 0. In 
turn this implies, [40] page 303, that M is a local symmetric space and so 
if simply connected, a symmetric space. In Section 7.2 we show how such 
stochastic differential equations arise on any symmetric space. Also from 
Example 3.3 we see that the standard gradient SDE for Brownian motion 
on spheres also give derivative flows with this property. 

2. For the apparently weaker property of commutativity for the derivative flow 
T£ t of our SDE (3.8) acting directly on the tangent bundle TM recall first 
that if the generator A is cohesive (and even if it just happens that the sym- 
bol of A has constant rank, see [27]) then for v t = T£ t (v ) some v G T XQ M 
we have the covariant SDE 

Dvt = V Vt XdB t - \v t )dt + V Vt Adt. (6.16) 

From this we see that if A is cohesive the process a. defined by a t = 
// t "V^(t) ) satisfies the SDE 

dot = //t' 1 (v jta XdB t - ^Ki*{// t a t )dt + V} ta AdtJ . 

Suppose also that A = 0. We see that a. is independent of £.( x o) if and only 

if both V_X and Ric are holonomy invariant. If M is Riemannian and the 
solutions of the SDE are Brownian motions and the induced connection is 
the Levi-Civita connection we can deduce, as above, using Theorem 6.2.8, 
that commutativity of the the vertical and horizontal diffusions operators on 
TM holds only if M is locally symmetric . 
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Example: Riemannian Submersions 
& Symmetric Spaces 

7.1 Riemannian Submersions 

Recall that when N and M are Riemannian manifolds a smooth surjection p : 
N — > M is a Riemannian submersion if for each w in TV the map T u p is an 
orthogonal projection onto T p < u \M, i.e. restricted to the orthogonal complement 
of its kernel it is an isometry. Note that if p : N — > M is a submersion and 
M is Riemannian we can choose a Riemannian structure for N which makes p 
a Riemannian submersion. If a diffusion operator B on N which has projectible 
symbol for p : N — > M is also elliptic its symbol induces Riemannian metrics 
on AT and M for which p becomes a Riemannian submersion. A well studied 
situation is when p is a Riemannian submersion and B is the Laplacian, or |Ajv, 
on N. The basic geometry of Riemannian submersions was set out by O'Neill in 
[55]; he ascribes the term 'submersion' to Alfred Gray. In this section we shall 
mainly be relating the work of Bfard-Bergery & Bourguignon [7], Hermann, [37], 
Elworthy& Kendall, [24], and Liao, [48], to the discussion above. The book [33] 
shows the breadth of geometric structures which can be considered in association 
with Riemannian submersions. 

A simple example of a Riemannian submersion is the map p : R n — {0} — > oo 
given by p(x) = \x\. Then, for n > 1, Brownian motion on R™ — {0} is mapped to 
the Bessel process on (0, oo) with generator + Thus in this case 

|Ajv is projectible but its projection is not |Am. The well known criterion for 
the latter to hold is that p has minimal fibres as we show below. See also [21], and 
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[48]. 

To examine this in more detail we follow Liao, [48]. Suppose that p is a Rie- 
mannian submersion. The horizontal subbundle on N is just the orthogonal com- 
plement of the vertical bundle. Working locally take an orthonormal family of 
vector fields X 1 , . . . , X n in a neighbourhood of of a given point x of M. Let 
X 1 , . . . , X n be their horizontal lifts to a neighbourhood of some uq above x , and 
let V 1 , . . . , V p be a locally defined orthonormal family of vertical vector fields 
around u . Then near u , using the summation convention over j = 1, . . . , n, 
a — 1, . . . ,p, we have 

A N = X j X j + V a V a - V%X j - V V aV a (7.1) 

while 

A M = X> 'Xi - V&X'. (7.2) 

Here Vm, Vat refer to the Levi-Civita connections on M and N, and we are 
identifying the vector fields with the Lie differentiation in their directions. 

Now X^X^ lies over X^X^ while V a V a is vertical. Also the horizontal com- 
ponent of the sum Vy«\/ a at a point u e Ms the trace of the second fundamental 
form of the fibre N p ^ of p through u, denoted by T ya V a in O'Neill's notation, 
while |Ajv lies over V X jX j by Lemma 1 of [55]. 

Thus we see that is projectible if and only if the trace of the second 
fundamental form, trace T, of each fibre p^ 1 (x) is constant along the fibre in the 
sense of being the horizontal lift of a fixed tangent vector, 2A(x) G T X M. If so 
|Ajv lies over \ A M — A. In particular A = 0, or equivalently p maps Brownian 
motion to Brownian motion, if and only if p has minimal fibres. 

In general to relate to the discussion in Section 2.4 we can set b H (u) = 
-\ trace T(u), with b(u) = T u pb H (u) in T p{u) M. Let A v be the vertical op- 
erator on iV which restricts to the Laplacian on each fibre, and let A H be the 
horizontal lift of \A M . Our decomposition in Theorem 2.4.6 becomes 

±A N = Qa" - i traceT^ + l -A v (7.3) 

since the vertical part of Vy<* V a is just Vy a V a where V v refers to the connection 
on the vertical bundle which restricts to the Levi-Civita of the fibres, and also the 
vertical part of X ? X ? vanishes because by Lemma 2 of [55] the vertical part of 
XiX k is the vertical part of \{X j , X% 
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7.2 Riemannian Symmetric Spaces 

Let if be a Lie group with bi-invariant metric and let M be a Riemannian manifold 
with a symmetric space structure given by a triple (if, G, <r) . This means that there 
is a smooth left action if x M — > M, (&, x) h- > I/fc(x) of if on M by isometries 
such that if we fix a point x of M and define p : if — > M by p(&) = L k (x ) then 
p is a Riemannian submersion and a principal bundle with group the subgroup 
ifr of if which fixes x . Write G for K XQ . Thus M is diffeomorphic to K/G. 
Moreover if g denotes the Lie algebra of G, and t that of if, (identified with the 
tangent spaces at the identity to G and if respectively), there is an orthogonal and 
adc- invariant decomposition 

t = g + m 

where m is a linear subspace of T id if . Further a is an involution on if and g 
and m are, respectively, the +1 and the —1 eigenspaces of the involution on T id if 
induced by a. See Note 7, page 301, of Kobayashi & Nomizu Volume I, [40], for 
definitions and basic properties, and Volume II, [41], for a detailed treatment. 

We shall also let a denote the involutions induced by a on t and on M, and by 
differentiation on TM and OM. On M it is an isometry, so it does act on OM. 
Note that on T XQ M it acts as v \— > — v. 

Since G fixes x the derivative of the left action L k at x gives a representation 
of G by isometries of T X0 M. The linear isotropy representation. We shall assume 
it to be faithful, i.e. injective. As a consequence the action of if on M is effective, 
so that if can be considered as a sub-group of the diffeomorphism group of M, 
and also the action of if on the frame bundle of M is free, i.e the only element of 
if which fixes a frame is the identity element. See page 187 and the remark on 
page 198 of [41] for a discussion of this, and how the condition can be avoided. 
Taking a fixed orthonormal frame u : R™ — > T XQ M , say, at x , we can consider 
G as acting by isometries on R™ by 

g-e = UQ 1 TL g u Q (e). (7.4) 

Let p : G — > 0(n) denote this representation. We then have the well known 
identification of if as a subbundle of the orthonormal frame bundle of M: 

Proposition 7.2.1 Let $ : if -> OM be defined by $(ife)(e) = TL k (u e) for 
e G R n . Then $ is an injective homomorphism of principle bundles. Moreover $ 
is equivariant for the actions of a on if and OM. 
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Proof. To see that $ is a bundle homomorphism it is only necessary to check that 
<3> commutes with the actions of G. For this take e e R n and g e G. Then, for 

k E K, 

$(k-g)(e) = TL k TL g u (e) 

= $(k)TL g u (e) = $(k)u (g ■ e) 

as required. For the equivariance with respect to a observe that by definition, 
a(L k x ) = L a ( k )X so that acting on the frame $(&;) we have 

a(<f>(k)) = a(TL k ou ) 

= TL a(k) u = <S>(a(k)). 

□ 

It is easy to see that p : K — > M has totally geodesic fibres. We can therefore 
take B = to have B lying over |A M . Moreover in the decomposition 

of B the vertical component |A y restricts to the one half the Laplacian of G 
on the fibre p' 1 (x ). The induced connection has horizontal subspace m at the 
identity element of K. It is clearly left K-invariant and so H k = TL k [m] for 
general k E K. From the equivariance under the right action of G it is a principle 
connection: TR g [H k ] = H kg . Since H kg = TL k TL g [m] = TR k TL k ad g [m] this 
holds because of the acfe -invariance of m. This is the canonical connection. 

The connnection on K extends to one on OM as described in Proposition 
3.1.3.This is known as the canonical linear connection. Since the connection 
on K is invariant under a, by the equivariance of $ so is the canonical linear 
connection. As in [41] we have: 

Proposition 7.2.2 The canonical linear connection is the Levi-Civita connection. 

Proof. It is only necessary to check that its torsion T vanishes. By left invariance 
it is enough to do that at the point x . Let u, v e T Xij M. However by invariance 
under a we see 

T(u, v) = oT{a{u), a(v)) = -T(-u, -v) = -T(u, v), 



as required. 



□ 
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Let k t ,t ^ be the canonical Brownian motion on K starting at the identity, 
id, and let B t be the Brownian motion on the Euclidean space t given by the right 
flat anti-development: 

Bt = f TR^d{k s }. 
Jo 

Define G :M ■ M by £ t (x) = L kt x, for t ^ 0, x G M. 

Proposition 7.2.3 The diffeomorphism group valued process £ t , t ^ is the flow 
of the sde 

dx t = X(x t ) o dB t 

where 

X(a;)a; = ^-^ CX ptaa;| i= o 

Proo/ Observe that satisfies the right invariant SDE 

dk t = TR kt o dB t 

which is p-related to the given SDE on M. □ 

Remark 7.2.4 The last two propositions relate to the discussion of connections 
determined by stochastic flows in the next section, and to the discussion about 
canonical SDE on symmetric spaces in [27]. In [27] it was shown that the connec- 
tion determined by our SDE is the Levi-Civita connection. In Proposition 8.1.3 
below, and in Theorem 3.1 of [25], it is shown that the connection determined by 
a flow (in this case the canonical linear connection) is the adjoint of that induced 
by its SDE. this is confirmed in our special case since the adjoint of a Levi-Civita 
connection is itself. 

We can also apply our analysis of the vertical operators and Weitzenbock for- 
mulae to our situation, For this it is simplest to assume the symmetric space is 
irreducible. This means that the restricted linear holonomy group of the canonical 
connection on p : K — > M is irreducible i.e. for every g E G there is a null- 
homotopic loop based at x whose horizontal lift starting at id G K ends at the 
point g. The definition in [41] is that [m, m] acts irreducibly on m via the adjoint 
action, and it is shown there, page 252, that this implies that q = [m, m]. As a 
consequence the linear isotropy representation of G on T X0 M is irreducible, and 
equivalently so is our representation p. 
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The vertical operators determined by B v on the bundles associated to p via 
our representation p and its exterior powers A k p are given in Theorem 3.4.1 by 
the function A A ^ : K -> £(A fc R n ; A fe R n ). By Corollary 3.4.8 and the discussion 
above they correspond to the Weitzenbock curvatures of the Levi-Civita connec- 
tion, and so in particular are symmetric. To calculate them using Theorem 3.4.1 
first use the fact that B v restricts to | A G on p~ 1 (x ) to represent it as ^y^L A * L A * 
for A* as in Section 3.2. The computation in the proof of Corollary 3.4.3 shows 
that 

for 

c A k(u) = (dA^A^u) o (dA k )A[(u) 

the Casimir element of our representation A k p of G. 

If A k p is irreducible then c A k (u) is constant scalar. As remarked in Corollary 
3.4.3 this happens when G = SO in), given our irreducibility hypothesis on the 
p and then it is just \n{n — ^ / / w ( w ~ 1 )-^( w ~ fc + 1 ) _ Thus for the sphere S n (V2) of 
radius y/2, considered as SO(n + \)/SO{n) we have 

\ hkp {u) — —^k(n — k). (7.6) 



Chapter 8 

Example: Stochastic Flows 



Before analysing stochastic flows by the methods of the previous paragraphs we 
describe some purely geometric constructions which will enable us to identify the 
semi-connections which arise in that analysis. 

8.1 Semi-connections on the Bundle of Diffeomor- 
phisms 

Assume that M is compact. For r e {1, 2, ... } and s > r + dimM/2 let V s = 
V s (M) be the space of diffeomorphisms of M of Sobolev class H s . See, for 
example, Ebin-Marsden [20] and El worthy [21] for the detailed structure of this 
space. Elements of V s are then C r diffeomorphisms. The space is a topological 
group under composition, and has a natural Hilbert manifold structure for which 
the tangent space T e V s at 9 E V s can be identified with the space of H s maps 
v : M -> TM with v(x) e T e{x) M, all x G M. In particular T id V s can be 
identified with the space H S T(TM) of H s vector fields on M. For each h e V s 
the right translation 



R h :V s 

R h (f) 



foh 



is C°°. However the joint map 



,s+r 



x V s 



(8.1) 



is C r rather than C°° for each r in {0, 1, 2, 



■}• 
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For x e M fixed, define vr : V s -> M by 

tt(0) = 0(x„). (8.2) 

The fibre 7r _1 (y) at y e M is given by: {6 e V s : 9(x ) = y}. Set V S XQ := 
7r _1 (a; ). Then the elements of T> s act on the right as C°° diffeomorphisms of 
V s . We can consider this as giving a principal bundle structure to ir : V s — > M 
with group V S XQ , although there is the lack of regularity noted in equation (8.1). 
A smooth semi-connection on n : V s — > M over a sub-bundle E of TM consists 
of a family of linear horizontal lift maps h e : E^g) - ► T e V s , 9 e T> s , which is 
smooth in the sense that it determines a C°° section of £(ir*E; TV S ) — > T> s . In 
particular we have 

/i*(u) : M — > TM 

with 

h e (u)(y) e T e(y) M, 

u e E e(xo) , 6eV s , y eM. 

We shall relate semi-connections on T> s — ■> M to certain reproducing kernel 
Hilbert spaces. For this let E be a smooth sub-bundle of TM and 7i a Hilbert 
space which consists of smooth section of E such that the inclusion H — > C°r_E 
is continuous (from which comes the continuity into H S TE for all s > 0). Such 
a Hilbert space determines and is determined by its reproducing kernel k, a C°° 
section of the bundle C(E*; E) -> M x M with fibre at (x, y), see [4]. 

By definition, 

k(x, -) = p* x : ^ - H 
where p x : H ^ E x is the evaluation map at and so 

k(x,y) = p y p* x : ,5* -> £„. 

Assume spans 22 in the sense that for each rr in M, p x : — > 2^ is surjec- 
tive. It then induces an inner product (, )^ on E x for each x via the isomorphism 

PxPl ■ E* ^ E x . 

Using the metric on E the reproducing kernel k induces linear maps 

k*(x,y) : E x -»• £„, x,y e M, 

with x) = id. 



8.1. SEMI-CONNECTIONS ONTHEBUNDLE OF DIFFEOMORPHISMS 121 



Proposition 8.1.1 A Hilbert space H of smooth sections of a sub-bundle E of 
TM which spans E determines a smooth semi-connection h n on n : V s — > M 
over £ by 

= A; # (#(:r ), %))(«), 0eD>6 % o) ,!,6 M, (8.3) 

for k* derived from the reproducing kernel of H as above. In particular the hori- 
zontal lift a starting from a(0) = id, of a curve a : [0, T] M, a(0) = x with 
6t(t) G for all t, is the flow of the non-autonomous ODE on M 

zt = k*(a(t),z^a(t). (8.4) 

The mapping H i— > (, ) w ) from such Hilbert spaces to semi-connections over 
E and Riemannian metrics on E is injective. 

Proof. From the definition of k* we see h^(u)(y), as given by (8.3), takes values 
in Tq^M, is linear in u G ^(xo) mt0 ^fl^ 5 * and is D£ o -invariant. Moreover, 

TflTr ° h^(u) = h^{u){xo) = k^ ^6(xo), 0(xo)^j (u) = u 

for u G Eg( xo ) and so is a 'lift'. 

To see that h is C°° as a section of C(n*E; TV S ) -> £> s note that for each 
r G {0, 1, 2, . . . } the composition map 

T id V r+s x V s -> T£> s 

(V,0) ^ T7^(y) 

is a C r_1 vector bundle map over £> s , being a partial derivative of the composition 
V r+s x V s _^ V s Therefore it induces a C^ 1 vector bundle map Z ^ TR e o Z, 
for Z : ^(xo) — ^ an( l f° r H. me trivial 7Y-bundle over V s , by composition 

C(tt*E;H) * C(tv*E;TV s ) 




V s 
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On the other hand y i— > k(y, — ) can be considered as a C°° section of C(E; H y ) — > 
M and so ^ h(9(x ), -) as a C°° section of C(ir*E; Hj. This proves the 
regularity of h. 

That the horizontal lift a is the flow of (8.4) is immediate. To see that the claimed 
injectivity holds, given observe that (8.3) determines k#: this is because given 
any x in M there exists a C°° diffeomorphism 9 such that 9(x ) = x and for such 

9 

k#(x, z){u) = tfj-iuW^z). (8.5) 

□ 

Remark 8.1.2 We cannot expect surjectivity of the map H — > h n into the space 
of semi-connections on n : V s — > M. Indeed for A; # defined by (8.5) to be the 
reproducing kernel for some Hilbert space of sections of E we need 

1) Kfj-{u){y) E Eo( y ) for u E Eg( Xo ),y E M, and a metric (, ) on E with respect 
to which the following holds: 

2) for x,y E M, 

k*(x,y) = (k*(y,x)^j , 

3) For any finite set S of points of M and {£ a } E E a , a E S 

For each frame u : R™ — > T X0 M there is a homomorphism of principal bundles 

yu . V s _^ GLM 

9 ^ T X0 9ou . 

As with connections such a homeomorphism maps a semi-connection on V s over 
i? to one on GLM. The horizontal lift maps are related by 

T e V s Tyu 0{e) GLM 




E e(x ) 

and if a : [0, T] -> V s is a horizontal lift of a: [0, T] — > M then 

^ M °(a(t)) = r xo a(*) o Uo , < t ^ T 
is a horizontal lift of a to GLM. 
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Theorem 8.1.3 Let h n be the semi-connection on n : V s — > M over E deter- 
mined by some H as in Proposition 8.1.1. Then the semi-connection induced on 
GLM, and so on TM, by the homeomorphism is the adjoint V of the metric 
connection which is projected on (E, (, ) n ) by the evaluation map (x, e) ^ p x (e) 
from M x H — > E 1 , c.f. (1.1.10) in [27]. In particular every semi-connection on 
TM with metric adjoint connection arises this way from some, even finite dimen- 
sional, choice of H. 

Proof. Let a : [0,T] -> M be a C 1 curve with G S a ( t ) for each t. By 
Proposition 8.1.1 its horizontal lift a to "D s starting from 6 e 7r _1 (o;(0)) is the 
solution to 

^ = fc#(a(0(x o ),a(0-)a(t) (8.7) 
d(0) = 0. (8.8) 

The horizontal lift to GLM is t h-> T xo a(i) ou and to TM through v G T^M, 
the parallel translation {//t(v ) : ^ t ^ T} of f along a, is given by 



//t(v ) = T xo a(t) o (T X0 6)-\v G ) = T a(0) \a(t) o (v ). 
However this is T a ^7r t (v ) for {n t : ^ t ^ T} the solution flow of 

^ = A; # (a(t),z(t))d(t) 

which by Lemma 1.3.4 of [27] is the parallel translation of the adjoint of the 
associated connection (in [27] k* is denoted by k). 

The fact that all such semi-connections on TM arise from some finite dimen- 
sional H comes from Narasimhan-Ramanan [53] as described in [27], or more 
directly from Quillen [60] □ 



8.2 Semi-connections Induced by Stochastic Flows 

From Baxendale [5] we know that a C°° stochastic flow {£ t : t ^ 0} on M, i.e. 
a Wiener process on V°° := n s V s , can be considered as the solution flow of a 
stochastic differential equation on M driven by a possibly infinite dimensional 
noise. Its one point motions form a diffusion process on M with generator A, 
say. The noise comes from the Brownian motion {W t : t ^ 0} on H S T(TM) 
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determined by a Gaussian measure 7 on H S T(TM). (In our C°° case they lie on 
n°°(TM) := D s n s r(TM).) We will take 7 to be mean zero and so we may have 
a drift A in H°°(TM). The stochastic flow {& : f ^ 0} can then be taken to be 
the solution of the right invariant stochastic differential equation on V s 

dB t = TR 9t o dW t + TR 6t (A)dt (8.9) 

with £ the identity map id. In particular it determines a right invariant generator 
B on V s . 

For fixed x in M the one point motion x t := 6(^0) solves 

dx t = odW t (x t ) + A(x t )dt. (8.10) 

We can write (8.10) as 

dx t = p xt odW t + A(x t )dt. (8.11) 

Thus 7r(£ t ) = £t(xo) — ^t- F° r a ma P ^ m the solution ^ o 9 to (8.9) 
starting at 9 has 7r(^ o 9) = £ t (7r(#)), the solution to (8.11) starting from 7r(^), and 
we see that the diffusions are 7r-related (c.f. [21]), and A and B are intertwined 
by 7r. 

The measure 7 corresponds to a reproducing kernel Hilbert space, say, or 
equivalently to an abstract Wiener space structure % : H 7 — > H S T(TM) with i the 
inclusion (although i may not have dense image). Then 

<rf : (T,P S )* -> T e V s 

is right invariant and determined at 9 = id by the canonical isomorphism H* ~ 
if 7 through the usual map j = i* 

(H S T(TM))* <±> H*~H^^ H S T(TM), 

i.e. 

B 

Oid = % ° J- 

This shows i? 7 is the image of cr^ with induced metric. In this situation our cohe- 
siveness condition on A becomes the assumption that there is a C°° subbundle E 
of TM such that consists of sections of E and spans E, and A is a section of 
E. Let (, ) y be the inner product on induces by if 7 . 
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The reproducing kernel k of H 1 is the covariance of 7 and 



y)i 



U(x),v) U(y) d>y(U), v G E x ; x, y G M. 



'c/eW s r(E) 

Analogously to Lemma 2.2.1 we have the commutative diagram 

jo(TKe)* tt TK e oi 



(T e v a y 



(Tony 



k(9(x ),-) 




T X0 M 



T e( Xs ) M E *e( X0 ) 
with i e uniquely determined under the extra condition 

ker^ = ker p9(xo) . 

Writing K : M — > C(H 7 ; H 7 ) for the map giving the projection if (x) of ii 7 
onto ker for each xinM and letting K 1 - (x) be the projection onto [ker p x ] L we 
have 

e e = K ± (8(x )), 
(agreeing with the note following Lemma 2.2.1), and so 

e e (u) = k*(e(x ),-y(6(x )), u g n T 

Note that the formula 

K ± (y)(U) = k*(y,-)U(y) 

for U in 7i 7 determines an extension K ± (y) : YE — > 7i 7 . We then define 
isT(y)[/ = [/ - K^U. Note that p y (K(y)U) = for all [/ in TE. 

The horizontal lift map determined by B as in Proposition 2.1.2 is therefore 
given by 

he ■ Ee( xo ) — > TTZg(H 7 ) C T^'D' 5 

r * 1 (8-12) 

/ifl(u) =T^£,[A; # ^(x ),-) M J, 

for 9 eV s . Consequently 

^H(y) = A; # (^o), (8.13) 
Comparing this with formula (8.3) we have 
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Proposition 8.2.1 The semi-connection h determined on tx : V s — > M by the 
equivariant diffusion operator B is just that given by the reproducing kernel Hilbert 
space H y of the stochastic flow which determines B, i.e. 



The horizontal lift {x t : t ^ 0} of the one point motion {x t : t ^ 0} with 
5 = id is the solution to 

dx t = k*(x t (x ),x t - j o dx t \ (8.14) 
which in a more revealing notation is: 

dx t = TR it [K\x t {x Q ))odW^j +TR^K ± (x t (x ))Aj. (8.15) 

Equivalently {x t : t ^ 0} can be considered as the solution flow of the non- 
autonomous stochastic differential equation on M 

dy t = k*(x t ,y t ) o dx t 

i.e. 

dy t = (K L {x t )odW^{ yt )+K L {x t ){A){y t ). (8.16) 

The standard fact that the solution to such equation as (8.16) starting at x is 
just {x t : t ^ 0}, i.e. that x t (x ) = x t reflects the fact that x. is a lift of x.. The 
lift through e V S XQ is just {5 t o : t ^ 0}. 

Remark 8.2.2 If our solution flow is that of an SDE 

dx t = X(x t ) o dB t + A(x t )dt 

for X(x) : R m — > TM arising, for example, from Hormander form representa- 
tion of A as in §4.7 above the relationships with the notation in this section is as 
follows: if 7 = {X(-)e : e G R" 1 } with inner product induced by the surjection 

R m - # 7 . If y a = [X(x)| kcrX(a;) x]- 1 then fc#(y, -) : E v - # 7 is 

A; # (t/,-) M = X(-)K», «6£ r 
Also ^(y) : — > if 7 is K\y)U = X(-)Y y (U(y)). 
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Remark 8.2.3 The reproducing kernel Hilbert space H 1 determines the stochas- 
tic flow and so by the injectivity part of Proposition 8.1.1 the semi-connection 
together with the generator A of the one-point motion determines the flow, or 
equivalently the operator B. This is because the symbol of A again gives the met- 
ric on E which together with the semi-connection determines H y by Proposition 
8.1.1. The generator A then determines the drift A. A consequence is that the 
horizontal lift A H of A to V s determines the flow (and hence £>, so B v really is 
redundant). 

To see this directly note that given any cohesive A on M and D^-equivariant 
A H on V s over A, with no vertical part, there is at most one vertical B v such that 
A H + B v is right invariant. This follows from the following lemma 

Lemma 8.2.4 Suppose B 1 is a diffusion operator on V s which is vertical and right 
invariant then B 1 = 0. 

Proof. By Remark 1 .3.2 (i) the image £ e , say, of of lies in VT e V s for 6 E V s and 
so if V E £g. On the other hand, by right invariance €$ = TR d (£ id ). Therefore 
if V E £ id then V(9 Xo ) = all 9 E V s and so V = 0. Thus £ id = {0} and by 
right invariance, B 1 must be given by some vector field Z on V s . But Z must be 
vertical and right invariant, so again we see Z = 0. □ 

Proposition 3.1.3 applies to the homomorphism ty u ° : V s — >■ GL(M) of (8.6). 
From this and Theorem 8.1.3 we see that the semi-connection V on GLM de- 
termined by the generator of the derivative flow in §3.3 is the adjoint V of the 
connection V, so giving an alternative proof of Theorem 3.3.1 above. Proposition 
3.1.3 also gives a relationship between the curvature and holonomy group of V 
and those of the connection induced by the flow on V s ^5 M. 

We can summarize our decomposition results as applied to these stochastic 
flows in the following theorem. The skew product decomposition was already 
described in [25] for the case of solution flows of SDE of the form (4.19), and in 
particular with finite dimensional noise: however the difference is essentially that 
of notation, see Remark 8.2.2 above. 

Theorem 8.2.5 Let : t ^ 0} be a C°° stochastic flow on a compact manifold 
M. Let A be the generator of the one point motion on M and B the generator 
of the right invariant diffusion on V s determined by {£ t : t ^ 0}. Assume A 
is strongly cohesive. Then there is a unique decomposition B = A H + B v for 
A H a diffusion operator which has no vertical part in the sense of definition 2.3.3 
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and B v a diffusion operator which is along the fibres of p Xo , both invariant under 
the right action of V^ Q . The diffusion process {9 t : t ^ 0} and {4> t : £ ^ 0} 
corresponding to A H and B v respectively can be represented as solutions to 

d0 t = TR 6t (V(0 t (rr o )) o dW t ) + Ti^ (V(0 t (z o ))A) (8.17) 

and 

# t = Ti^ t (V(z ) o dW t ) + Ti? 0t (X(^o)^) (8.18) 

for z = 0o(^o) = <M^o)- There is the corresponding skew-product decomposi- 
tion of the given stochastic flow 

& = x t 0f-,O ^ £ < oo 

where {5 t : £ ^ 0} is the horizontal lift of the one point notion {£t(x ) : * ^ 0} 
with 5 — idjw and for P^-almost all a : [0, oo) — > M, {g° : £ ^ 0} is a 
2^ o -valued process independent of {5 t : £ ^ 0} and satisfying 

dtf = T~a^p{a t g1-) (K{o t ) o dW t ) + Ta^K^-) (K(a t )A) 
a = id M 

where 5" is the horizontal lift of a to V s with <r. in the horizontal life of a to V s 
with cr = idM- 

Remark 8.2.6 As in [27] we could rewrite the terms such as K(a t ) o dW t and 

X- L ((7 t ) o dWj above as Ito differentials which can be written as 

K(a t )dW t = J/ t (a.)df3 t 
K L {a t )dW t = J/ t (a.)dB t 

where //tier) : if 7 — > H^, ^ £ < oo, is a family of orthogonal transformations 
mapping kerp Xo — > kerp CTt defined for P^-almost all er : [0, oo) — > M and 
: £ > 0}, : £ ^ 0} are independent Brownian motions, (f3 t could be 
cylindrical), on ker p xo and [ker p^,] 1 " respectively. 

Proof. Our general result give the decomposition B = A H + # y into horizontal 
and vertical parts. We have just proved the representation (8.17) for A H . To show 
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that B — A H corresponds to (8.18) take an orthonormal base {X 3 } for H^. Then, 
on a suitable domain, 

j 

for X'(0) = TR e {X' J ) and A = TR e (A), while, by (8.17), 

A H = i^L YJ L YJ +L B (8.20) 

j 

for Y'(0) = TR e (K ± (6(x )Xi), 1 = Ti^l^^M). 
Define vector fields Z- 7 , C on V s by 

Z>'(0) = TR^ (K((f)(xo))X j ) , and 
C(0) = TR^K^xo^A), fox c^e V s . 

Then A = 1 + C and W = Y j + Z J ' each j. Moreover 

^ ] Lyj L^j + ^ ] L^i Lyj = 

j 3 

by Lemma 8.2.7 which follows below. This shows that 

B v = ^ Lz, ' Lz, ' +Lc - (8 - 21) 

j 

Thus the diffusion process from O corresponding to £> F can be represented by the 
solution to 

d(f) t = TRfr (KiMxo) o dW t )) + TR^ (K(<j) t (x )A)) dt. (8.22) 
If we set z t = Pxoi'Pt) = (f>t(x ). We obtain, via Ito's formula 

z t = Pzt (K(z t )odW t )+p zt (K(z t )A), 

i.e. dz t = 0. Thus <f> t (x ) = z and (8.18) holds. 

The skew product formula is seen to hold by calculating the stochastic differ- 
ential of x t gf using (8.15) to see it satisfies the SDE (8.9) for {£ t : t > 0}. □ 

Lemma 8.2.7 

^] LyjL^j + L^jLyj = 0. 
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Proof. Since, for fixed 6, we can choose our basis {X 3 '}, such that either Y 3 \9) = 
or W(9) = 0, and since for / : V s — > R we can write 

df{l?(6)) = {dfoTRe)(K{6{x Q ))X^ 

and 

df{W{9)) = (dfoTR e )^K ± (e(x ))X 3 ), 9 G V s , 
it suffices to show that 

{(dK^ow (z j (9)(x ))x 3 + (dK) e{xo) {Y j (9)(x )) X 3 } = 0, (8.23) 

3 

for all 9 eV s . 

Now K ± (y)K(y) = for all y e M. Therefore 

{dK L ) y {v)K{y) + K\y){dK) v (v) = 0, Vf G T x M,x e M. 

Writing 

= K(8(x ))X j + K ± (9(x ))X j 
this reduces the right hand side of (8.23) to 

E ( dK± )e {xo ){ Zj ( )( x °)) (K ± (9(x ))X^) 

3 

with our choice of basis this clearly vanishes, as required. □ 

8.3 Semi-connections on Natural Bundles 

Our bundle n : Diff M — > M can be considered as a universal natural bundles 
over M, and a connection on it induces a connection on each natural bundle over 
M. Natural bundles are discussed in Kolar-Michor-Slovak [42]), they include 
bundles such as jet bundles as well as the standard tensor bundles. For example 
let G r n be the Lie group of r-jets of diffeomorphisms 9 : R n — > R n with 0(0) = 
for positive integer r. An 'r-th order frame' u at a point x of M is the r-jet at 
of some ip : U — > M which maps an open set U of R™ diffeomorphically onto an 
open subset of M with G U and ^(0) = x. Clearly G T n acts on the right of such 
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jets, by composition. From this we can define the rth order frame bundle G r n M of 
M with group G r n . 

If we fix an rth order frame u at x we obtain a homomorphism of principal 
bundles 

: D s — > G r n M 

0->£,(0)°«o 

as for GLM (which is the case r = 1) with associated group homomorphism 
V s — > G„ given by — > u 1 o j x (9) o u . As for the case r = 1 there is a 
diffusion operator induced by the flow on G r n M and we are in the situation of 
Proposition 8.1.3. The behaviour of the flow induced on G 2 n M is essentially that 
of j1 Q {it) and so relevant to the effect on the curvature of sub-manifolds of M as 
they are moved by the flow e.g. see Cranston-LeJan [14], Lemaire [46]. 

Alternatively rather having to choose some u we see that G r n M is (weakly) 
associated to n : V s — > M by taking the action of V S XQ on (G r x M) XQ by 

(e,a)^f xo (9)oa. 

As a geometrical conclusion we can observe 

Theorem 8.3.1 Any classifying bundle homomorphism 

OM V(n,m-n) 
M $ G(n,m - n) 

for the tangent bundle to a compact Riemannian manifold M, (where G(n,m — 
n) is the Grassmannian of n-planes in R m and V(n,m — n) the corresponding 
Stiefel manifold) induces not only a metric connection on TM as the pull back of 
Narasimhan and Ramanan's universal connection wjj, but also a connection on II : 
V s — > M. The latter induces a connection on each natural bundle over M to form 
a consistent family; that induced on the tangent bundle is the adjoint of <&*(wjj). 
The above also holds with smooth stochastic flows replacing classifying bundle 
homomorphisms, and the resulting map from stochastic flows to connections on 
7r : V s — > M is injective. 

Proof. It is only necessary to observe that $ determines and is determined by a 
surjective vector bundle map X : M x R m — > TM {e.g. see [27], Appendix 1). 
This in turn determines a Hilbert space H of sections of TM as in Remark 8.2.2 
so we can apply Proposition 8.1.1 and 8.1.3. □ 
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Some of the conclusions of Theorem 8.3.1 are explored further in [30]. 

Remark 8.3.2 This injectivity result in Proposition 8.3.1 implies that all proper- 
ties of the flow can, at least theoretically, be obtainable from the induced connec- 
tion on V s . 

Flows on Non-compact Manifolds 

In general if M is not compact we will not be able to use the Hilbert manifolds 
V s , or other Banach manifolds without growth conditions on the coefficients of 
our flow. One possibility could be use the space DifT M of all smooth diffeomor- 
phisms using the Frolicher-Kriegl differential calculus as in Michor [51]. In order 
to do any stochastic calculus we would have to localize and use Hilbert manifolds 
(or possibly rough path theory). The geometric structures would nevertheless be 
on Diff M. This was essentially what was happening in the compact case. How- 
ever it is useful to include partial flows of stochastic differential equations which 
are not strongly complete, see Kunita [43] or Elworthy[21]. For the partial solu- 
tion flow {£ t : t < t} of an SDE as in Remark 8.2.2 we obtain the decomposition 
in Theorem 8.2.5 but now only for £t(x) defined for t < t(x, —). This can be 
proved from the compact versions by localization as in Carverhill-Elworthy [13] 
or Elworthy [21]. 
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9. 1 Girsano v-Maruy ama- Cameron-Martin Theorem 

To apply the Girsanov-Maruyama theorem it is often thought necessary to verify 
some condition such as Novikov's condition to ensure that the exponential (local) 
martingale arising as Radon -Nikodym derivative is a true martingale. In fact for 
conservative diffusions this is automatic, and we give a proof of this fact here since 
it is not widely appreciated. The proof is along the lines of that given for elliptic 
diffusions in [21] but with the uniqueness of the martingale problem replacing the 
uniqueness of minimal semi-groups used in [21]. See also [[45]]. On the way 
we relate the expectation of the exponential local martingale to the probability 
of explosion of the trajectories of the associated diffusion process: a special case 
of this appeared in [50]. Let B be a conservative diffusion operator on a smooth 
manifold N. For fixed T > and y e N let P yo . = P^ o denote the solution to 
the martingale problem for B on C yo ([0, T\ \ N + ). Using the notation of chapter 
4, let b be a vector field on iV for which there is a T* iV- valued process a in L| loc 
such that 

2a B (a t ) = b(y t ) O^t^T 
for P yo almost all y. e C M ([0, T];N + ). Set 

Z t = exp{M° - i (M a ) t } O^t^T. 

This exists by the non-explosion of the diffusion process generated by B, and is a 
local martingale with ~EZ t ^ 1. 

For bounded measurable / : N — > R define Qtf(yo) = E®[Z t /(y t )] for 
yo G N. Since the pair (y., Z) is Markovian this determines a semi-group on the 
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space of bounded measurable functions with corresponding probability measures 

{Qy»}yoeN- 

Proposition 9.1.1 The family {Q yo } yo eN is a solution to the martingale problem 
for the operator B + b. 

Proof. Let / : N — > R be C°° with compact support. We must show, for arbitrary 
y E N, that 

f{Vt) - f(yo) ~ [\b + b)f(y,)ds 0<t^T 
Jo 

is a local martingale under Q^. For this first note that Z satisfies the usual 
stochastic equation which in our notation becomes: 



Z t = l + M t Za , 



Now use Ito's formula and the definition of M a to see that 



f(y t )Z t = f(y ) + M t Z{df) «- + M t fZa + f Bf(y s )Z s ds + (M« , M Za ) t . (9.1) 

Jo 



Now 



(M df , M Za ) t 



2 / df{al(Z s a s )) ds 
Jo 

df(Z s b(y s ))ds. 



(9.2) 
(9.3) 



Thus 



f(y t )Z t -f(y )- [ Bf(y s )Z s ds- [ df (Z s b(y s ))ds, 
Jo Jo 



0<t^T, 



is a local martingale under P^ Q and so there is a sequence {r n } n of stopping times, 
increasing to T, such that if : C yo ([0,T]; N + ) — > R is JF^° -measurable and 
bounded then, using the definition of Q and Fubini's theorem, if < r < t < T, 



E Q 

2/0 



E 



E 



/*At„ 
(B + b)(f)(y,)d8 

/*Ar„ 
(£ + &)(/)(y s )Z s ds)0 

0B + &)(/)(y a )Z a <fe 
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giving the required martingale property. □ 

Since Q t (l) = EZ t we immediately obtain the following corollary and a theorem: 

Corollary 9.1.2 . Suppose further that uniqueness of the martingale problem 
holds for B + b, e.g suppose b is locally Lipschitz [39]. Then 

is the probability that the diffusion process from y generated by B + b has not 
exploded by time t. 

Theorem 9.1.3 Suppose the diffusion operator B and its perturbation B + b by a 
locally Lipschitz vector field b on N are both conservative. Assume that B + b is 
cohesive or more generally that there is a locally bounded, measurable one-form 
b* on N such that 

2o*{b*) = b(y), y E N. 

Then 

exp(Mf -I(M 6# ) t ), 0<f <T 

is a martingale under P B and for each y £ N the measures P^ () and P B ^ b on 
( [0, T] ; jV) are equivalent with 



= ex P (Mr-^<M* # > T ). 



9.2 Stochastic differential equations for degenerate 
diffusions 

Let B be a (smooth) diffusion diffusion operator on AT. If its symbol a B : T*N — > 
TiV does not have constant rank there may be no smooth, or even C 2 , factorisation 

T*N ^ R m ^ TN 

of <rf into X(x)X*(x) for X : iV x R m -> TiV, as usual, for any finite di- 
mensional m. []. A factorisation with X : iV x H — > TiV, for a separable 
Hilbert space, can be found following Stroock and Varadhan, Appendix in [68]. 
, with the property that X is continuous and each vector field X j is where 
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X J (x) = X(x)(e 3 ) for an orthonormal basis {e.j)JL 1 of H. However it seems 
unclear if such an X can be found with each x \— > X(x)e, e e H, smooth. The 
following is well known: 

Theorem 9.2.1 Let a : R d -> £+(R m ; R m ) be a C 2 map into the symmetric 
positive semi-definite (m x m)-matrices then v/o 7 : R d — > £ + (R m ; R m ) is locally 
Lipschitz . 

For a proof see Freidlin [34], page 97 in [67] or Ikeda-Watanabe [39]. 

Corollary 9.2.2 For a C 2 diffusion operator B on N there is a locally Lipschitz 
X : R m -> TiV with a 6 = XX* for some m. 

Proof. Take a smooth inclusion TX A R m + as a sub-bundle (e.g. by embedding 
X in R m ) and extend a B trivially to a B x : X -> £((R m )*; R m ) by 

(R/n)* ^T^X ^T^X ^R m 

identifying (R m )* with R m and take the square root. 

Let V be a connection on a sub-bundle G of TN and let X : R m — > G be a 
locally Lipschitz bundle map. Let A be a locally Lipschitz vector field on X. As 
in El worthy [21] (pi 84) we can form the Ito stochastic differential equation on X 

(V) dx t = X(x t )dB t + A(x t )dt 

where (B t ) is a Brownian motion on R m . For given x G X there will be a unique 
maximal solution {x t : ^ t < ( xo } as usual, where by a solution we mean a 
sample continuous adapted process such that for all C 2 functions / : X — > R 

f(xt) = f(x ) + [\df) x X(x s )dB s + [\df) x A(x s )ds 
Jo Jo 

l-t m 

= / J2 V ^M( d f\G)X j (x s )ds. 
Jo j=1 

Indeed in a local coordinate (U, 4>) system the equation is represented by 

1 m 

dxf = X^{xi)dB t - -J2 r 4>(4) (Xfatj) (X}(x*j) dt + A,(xf)dt, 

3=1 
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where X^, X^, and are the local representations of X, X 1 and A, and is the 
Christoffel symbol. 

Note that the generator of the solution process has symbol a x = X(x)X(x)*, 
x E N, and so a Lipschitz factorisation of a 3 together with a suitable choice of A 
will give a diffusion process with generator B. 

If in addition we have another generator G on N given in Hormander form 

p 

G = ^ ^ LyfcLyfc + LyO 
k=l 

for Y°, Y 1 , . . . , Y k vector fields of class C 2 we can consider an SDE of mixed 
type 

v 

(V) dx t = Y \ x t) ° d Bt + X{x t )dB t + (Y°(x t ) + A{x t ))dt 
k=i 

for B 1 , . . . , B k independent Brownian motions on R independent of (B t ). For a 
C 2 map / : iV -> R, a solution {x t : < t < C^ } will satisfy 

f(x t ) = f(x )+ / (df) Xa X(x s )dB s + / J2( d f)*s(X k (xs))dB* 
Jo Jo k=l 

= [ (B + G)f(x s )ds, t<C°, 
Jo 

giving the unique solution to the martingale problem for B + G. These SDE's fit 
into the general frame work of the Tto bundle' approach of Belopolskaya-Dalecky 
[6], see the Appendix of Brzezniak-Elworthy[ll]; also see Emery [31](section 
6.33, page 85) for a more semi-martingale oriented approach. 

□ 

9.3 Semi-martingales & T-martingales along a Sub- 
bundle 

Several of the concepts we have defined for diffusions also have versions for semi- 
martingales, and these are relevant to the discussion of non-Markovian observa- 
tions in Chapter 5. Only continuous semi-martingales will be considered. Let S 
denote a sub-bundle of the tangent bundle TM to a smooth manifold M. 
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Definition 9.3.1 A semi-martingale y s , ^ s < r is said to be along S if when- 
ever is a C 2 one-form on M which annihilates S we have vanishing of the 
Stratonovich integral of along y\ 



For simplicity take y to be a point of M. 

Proposition 9.3.2 The following are equivalent: 

1 . the semi-martingale y, is along S; 

2. if a s : ^ s < r is a semi-martingale with values in the annihilator of S in 
T*M, lying over y. , then 



3. for some, and hence any, connection r on S the process y. is the stochastic 
development of a semi-martingale , ^ s < r on the fibre of S above 



If £ is a diffusion operator then the associated diffusion processes are all along 
S if and only if C is along S in the sense of Section 1.3. 

Proof. Let //, denote the parallel translation along the paths of y, using T. If (3) 
holds then 



and it is immediate that (2) is true. Also (2) trivially implies (1). 

Now suppose that (1) holds. Let T be a connection on E and T° some exten- 
sion of it to a connection on TM, so that the corresponding parallel translation 
//° will preserve S and some complementary sub- bundle of TM. Let y r be the 
stochastic anti-development of y, using this connection. To show (3) holds it suf- 
fices to show that y T ° takes values in S yo . For this choose a smooth vector bundle 
map $ : TM -> M x R m whose kernel is precisely S and let : TM -> R m 
denote its principal part and J , j = 1, ...,m the components of 0. These are 
one-forms which annihilates S. Then, for each j 





dy. = //. o dy r 
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By the lemma below we see that y T s ° G S yo for each s, almost surely, and the result 
follows . 

Finally suppose that is a diffusion process with generator C By lemma 
4.1.2 we have 



M? = I a ys o dy s - [ (5 c a) (y s )ds, 0^t<(. 
Jo Jo 



(9.4) 



for any C 2 one form a. Suppose a annihilates S. Then if y, is along S both the 
martingale and finite variation parts of J Q a Vs o dy s vanish and so [5 c ct) (y s ) = 
almost surely for almost all ^ s < r. If this is true for all starting points we see 
£ is along S. On the other hand if C is along S and a annihilates S we see that 
M a vanishes by its characterisation in Proposition 4.1.1, since a c takes values in 
S. Thus both the martingale and finite variation parts of J Q a Vs o dy s vanish, and 
so the integral itself vanishes and the diffusion processes are along S. □ 

Lemma 9.3.3 Suppose z, and A. are semi-martingales with values in a finite di- 
mensional vector space V and the space of linear maps C(V; W) of V into a finite 
dimensional vector space W, respectively. Let Vo denote the kernel of A s which 
is assumed non-random and independent of s ^ . Assume 

A, o dz* = 0. 



o 



Then z. lies in V almost surely. 

Proof. : We can quotient out by V to assume that V = 0, so we need to show that 
z, vanishes. Giving W an inner product, let P s : W — > A S [V] be the orthogonal 
projection. Compose this with the inverse of A s considered as taking values in 
A S [V], to obtain an C(W; \/)-valued semi-martingale A. formed by left inverses 
of A.. By the composition law for Stratonovich integrals 

z t = dz s = A s A s o dz s = / A s od( A r . o dz r ) = (9.5) 
Jo Jo Jo Jo 

as required. □ 

Let T be a connection on S. Note that by the previous proposition any semi- 
martingale y, which is along S has a well defined anti-development y r , say , which 
is a semi-martingale in S yo . 
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Definition 9.3.4 An M -valued semi-martingale is said to be a T-martingale if its 
anti-development using T is a local martingale. 

Also we can make the following definition of an Ito integral of a differential form, 
using the analogue of a characterisation by Darling, [16], for the case S = TM; 

Definition 9.3.5 If a. is a predictable process with values in T*M, lying over our 
semi-martingale y,, define its Ito integral, (r) J* * a s dy s along the paths of y. with 
respect to T by 



whenever the (standard) Ito integral on the right hand side exists. 

As usual this Ito integral is a local martingale for all suitable integrands a if and 
only if the process y. is a T-martingale. 




(9.6) 
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